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TILTING BUNDLES ON TORIC FANO FOURFOLDS 


NATHAN PRABHU-NAIK 

Abstract. This paper constructs tilting bundles obtained from fnll strong exceptional col¬ 
lections of line bundles on all smooth 4-dimensional toric Fano varieties. The tilting bnndles 
lead to a large class of explicit Calabi-Yau-5 algebras, obtained as the corresponding rolled- 
up helix algebra. A database of the full strong exceptional collections can be found in the 
package QuiversToricVarieties for the computer algebra system Macaulay2. 


1. Introduction 

Let A be a smooth variety over C and let T>^{X) be the bounded derived category of coherent 
sheaves on X. A tilting object T € V^{X) is an object such that Hom®(T, T) = 0 for i 7 ^ 0 
and T generates V^{X). If such a T exists, then tilting theory provides an equivalence of 
triangulated categories between V^{X) and the bounded derived category V^{A) of finitely 
generated right modules over the algebra A = End(T) via the adjoint functors 


V^{X) 


RHomx(r,-) 



V^{A) 


(-) ®A T 


If X is also projective then one can use a full strong exceptional collection to obtain a tilting ob¬ 
ject; a full strong exceptional collection of sheaves defines a tilting sheaf T := 0jg/ Ei 

and conversely, the non-isomorphic summands in a tilting sheaf determine a full strong excep¬ 
tional collection. The classical example of a tilting sheaf was provided by Beilinson [Bei78], 
who showed that O 0 0(1) © ... © 0{n) is a tilting bundle for P"". 

The combinatorial nature of toric varieties makes it feasible to check whether a collection of 
line bundles on a smooth projective toric variety is full strong exceptional, in which case one 
can construct the resulting endomorphism algebra explicitly. Smooth toric Fano varieties are 
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of particular interest; there are a finite number of these varieties in each dimension and they 
have been classified in dimension 3 by Watanabe-Watanabe and Batyrev [WW82, Bat82b], 
dimension 4 by Batyrev and Sato [Bat99, SatOO], dimension 5 by Kreuzer-Nill [KN09], whilst 
0bro [0bO7] provided a general classification algorithm. King [Kin97] has exhibited full strong 
exceptional collections of line bundles for the 5 smooth toric Fano surfaces, and by building on 
work by Bondal [Bon06], Costa-Miro-Roig [CMR04] and Bernardi-Tirabassi [BT09], Uehara 
[Uehl4] provided full strong exceptional collections of line bundles for the 18 smooth toric 
Fano threefolds. The main theorem of this paper is as follows; 

Theorem 1.1. Let X be one of the 124 smooth toric Fano fourfolds. Then one can explicitly 
construct a full strong exceptional collection of line bundles on X, a database of which is 
contained in the computer package QuiversToricVarieties [PN15] for Macaulay2 [GS]. 

In addition to low-dimensional smooth toric Fano varieties, other classes of toric varieties 
have been shown to have full strong exceptional collections of line bundles - for example, 
see [CMR04, DLM09, LMll]. Kawamata [Kaw06] showed that every smooth toric Deligne- 
Mumford stack has a full exceptional collection of sheaves, but we note that these collections 
are not shown to be strong, nor do they consist of bundles. It is important to note that the 
existence of fnll strong exceptional collections of line bnndles is rare; Hille-Perling [HP06] 
constructed smooth toric surfaces that do not have such collections. Even when only consid¬ 
ering smooth toric Fano varieties, there exist examples in dimensions > 419 that do not have 
fnll strong exceptional collections of line bundles, as demonstrated by Efimov [EfilO]. 

Using the tilting bundles constructed on smooth toric Fano varieties as above, we construct 
a tilting bundle on the total space of its canonical bundle ojx'- 

Theorem 1.2. Let X be an n-dimensional smooth toric Fano variety for n < 4, C = 
{Lq, ..., Lr} be the full strong exceptional collection on X from the database and tt:Y := 
tot(a;x) X be the bundle map. Then Y has a tilting bundle that decomposes as a sum of 
line bundles, given by ®i.^£Tr*{Li). 

To show that a given collection on a toric Fano variety X is strong exceptional, we utilise the 
construction of the non-vanishing cohomology cones in the Picard lattice for X as introduced 
by Eisenbud-Musta^a-Stillman [EMSOO]. The strong exceptional condition then becomes a 
computational exercise, which has been implemented into QuiversToricVarieties [PN15]. 

The procedure to check whether a given strong exceptional collection C on X generates 
'D^{X) is less straightforward. We use one of two methods to show that C is full, the first of 
which is similar to the method used by Uehara on the toric Fano threefolds [UehI4]. This 
approach uses the Frobenius pushforward to obtain a set of line bundles that are known to 

generate T>^{X), and then we show that LL generates this set by using exact sequences of line 
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bundles. The second method uses the line bundles to obtain a resolution of Oa, the structure 
sheaf of the diagonal. We achieve this by utilising the idea of a toric cell complex, introduced by 
Craw-Quintero-Velez [CQV12] to guess what a minimal projective ^4, A-bimodule resolution 
of the endomorphism algebra A = End(0^ Li) is. In particular, by considering the pullback of 
C, on Y, we obtain a CY5 algebra for which we know the 0*^, 1^* and 2^'^ terms of its minimal 
projective bimodule resolution. The natural duality inherent in the CY5 algebra then gives 
clues as to what the 3’’'^, 4*^ and 5*^ terms are. We sheafify the result, restrict to X and then 
check that the resulting exact sequence of sheaves S* is indeed a resolution of Oa by using 
quiver moduli. Our calculations lead us to the following conjecture: 

Conjecture 1.3. Let X be a smooth toric Fano threefold or one of the 88 smooth toric 
Fano fourfolds such that the given full strong exceptional collection L in the database [PN15] 
has a corresponding exact sequence of sheaves S* G V^{X x X). Let B denote the rolled 
up helix algebra of A. Then the torie cell complex of B exists and is supported on a real 
five-dimensional torus. Moreover, 

• the cellular resolution exists in the sense of [CQV12], thereby produeing the minimal 
projective bimodule resolution of B; 

L 

• the object S* is quasi-isomorphic to T G V°{X x X), where T := ®Lec ^ 

L 

T is the exterior tensor product over A of T and . 

By considering the birational geometry of the toric Fano fourfolds and choosing collections L 
from a special set of line bundles as Uehara did on the toric Fano threefolds, the pushforward of 
L onto a torus-invariant divisorial contraction is automatically full (see Proposition 7.2). Using 
this result, we obtain full strong exceptional collections on many of the toric Fano fourfolds 
from the the pushforward of collections on the birationally maximal examples. A database of 
the full strong exceptional collections on n-dimensional smooth toric Fano varieties, 1 < n < 4, 
as well as many of the computational tools used in the proofs of the theorems above, is 
contained in the QuiversToricVarieties package. 

Acknowledgments 1.4. The author wishes to thank his Ph.D. supervisor Alastair Craw 
for suggesting the problem and for guidance during the research. He also wishes to thank 
Greg Smith who developed the foundations of the Macaulay2 package QuiversToricVarieties, 
as well as Alastair King, Jesus Tapia Amador, Ziyu Zhang and Matthew Pressland for useful 
conversations. The author’s Ph.D. research is supported by an EPSRC studentship. 

Notation. We work throughout over the held C of complex numbers. 

2. Background 


3 



2.1. Toric Geometry. For n > 0, let M be a rank n lattice and define N := Hom 2 (M, Z) to 
be its dual lattice. The realification Mr := M M and A/r := N M are real vector spaces 
which contain the underlying lattices and there exists a natural pairing ( , ): Mr x —?• M. 
The convex hull of a finite set of lattice points in M defines a lattice polytope P C Mr and its 
facets are the codimension 1 faces of P. We will assume that the dimension of P is equal to 
the rank of M. The theory of polytopes (see for example Cox-Little-Schenck [CLSll]) states 
that every facet T in P has an inward-pointing normal np that defines a one-dimensional cone 
{Xnp I A G K>o} in A%. The cone is rational as P is a lattice polytope, so it has a unique 
generator up & N. Given a G M and a non-zero vector u G A^r we have the affine hyperplane 
Hu,a '■= {'ITT' G Mr | {m,u) = o} and the closed half-space := {m G Mr | {m,u) > a}. As 
P is full-dimensional, each facet P defines a unique number ap gR. such that P = Hup,ap HP 
and P C We can therefore use the generators to completely describe P, using its 

unique facet presentation 

P = {m G Mr I {m,up) > —ap for all facets P in P}. 

If the origin of Mr is an interior lattice point of P, then P has a dual polytope P° which is 
defined to be the convex hull of the generators for the inward-pointing normal rays of P: 

P° = Conv(ui;’ I P is a facet of P) C Ar 
T he dual polytope determines a fan in Ar: 

Definition 2.1. For 1 < m < n, let P be an (m — l)-dimensional face of P° with vertices 
{uq,..., Ui^}. The m-dimensional cone ct(P) is given by 

(2.1) a{F) := {Aiuq -k ... XmUi^ G A | Aj > 0,1 < j < m}. 

The fan S(P°) C A associated to P° is given by the collection of cones 

(2.2) S = S(P°) :={0}U{a(P)}i.cpo 
where F runs over all proper faces of P°. 

Let S(A:) denote the set of fe-dimensional cones in a fan S. The rays of S are the one¬ 
dimensional cones which, by construction, are generated by the vectors up for each facet 
F C P. We can use the ray generators to dehne primitive collections and primitive relations 
which describe S combinatorially. 

Definition 2.2. A subset V = ,..., ttjj,} of the set of ray generators V = {up G A | 

P is a facet of P} for S is a primitive collection if 

(i) there does not exist a cone in S that contains every element of P and 

(ii) any proper subset of P is contained in some cone of S. 
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The integral element s(V) = rtjj + .. ■+Uii^ is contained in some cone cr C S with ray generators 
, Uj^} and so can be uniquely written as a sum of the generators: 

S{V) = ClUj^ + . . . + CmUj^,Ci > 0, Cj G Z. 

The linear relation 

Ui^+ ...+Ui^- {ciUj^ + . . . + CmUj^) = 0 

between the ray generators of S is the primitive relation associated to the primitive collection 

V. 

Note that primitive relations and collections can alternatively be dehned for polytopes. 

Toric geometry (see e.g. Fulton [Ful93] or Cox-Little-Schenck [CLSll]) associates to each 
fan S a toric variety Xy. such that M is the character lattice of the dense torus T = 
Hom 2 (M,C*) in Xy- If the fan S is constructed from a polytope P C Mr as above, then 
we use Xp to denote the corresponding toric variety. For a cone ct C S dehne o"*" := {m G 
M I {m,u) = 0 for all u G a}. The Orbit-Cone Correspondence implies that for each ray 
p G S(l), the closure of the T-orbit Homz(/9-*- n M, C*) is a torus-invariant divisor Dp in Xy- 
The lattice of torus-invariant divisors in Xy will therefore be denoted Z^^^^ and the class 
group will be denoted Cl(Xs). We now have an exact sequence 

(2-3) 0 -^ M -> Z^(i) Cl(Xs) -^ 0, 

where the injective map is m i-)- 'Pp(zY(i){'^-,Up)Dp and the map deg sends the divisor D to 
the rank one reflexive sheaf Ox^iD). If Xy is smooth then every rank one reflexive sheaf is 
invertible, so the class group Cl(Xs) is isomorphic to the Picard group Pic(Xs). Note that 
Xy is smooth if and only if for every cone a C S, the minimal generators for a form part of 
a Z-basis for N. 

The Cox ring for Xy is the semigroup ring Sx '■= C[xp | p G Z(l)] of C The 

map deg induces a Cl(Xs)-grading on Sx, where the degree of a monomial OpeEji) ^ 
is Oxe (X]pGS(i) ^p^p)- ^ divisor D and integer / G Z, we let C[xp | p G S(l)]/p) denote 

the Ox {ID)—graded piece. Cox [Cox95, Proposition 3.1] dehnes an exact functor from the 
category of Cl(Xs)-graded S'x-modules to the category of quasi-coherent sheaves on Xy'- 

(2.4) {Cl(Xs)-graded 5x-modules} —Qcoh(Xs) : M M. 

When Xy is smooth, every coherent sheaf on Xy is isomorphic to M for some hnitely gener¬ 
ated Pic(Xs)-graded S'x-module M and two hnitely generated Pic(Xs)-graded 5x-modules 
determine isomorphic coherent sheaves if and only if they agree up to saturation by the 
irrelevant ideal B := (rip^^ Xp I fj G [Cox95, Propositions 3.3, 3.5]. 

Morphisms between two toric varieties can be described by maps between their associated 
fans that preserve the cone structure. For example, consider the blowup of a torus-invariant 
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subvariety. By the Orbit-Cone Correspondence, a fc-codimensional torus-invariant subvariety 
of a toric variety X^, corresponds to a cone a € B(/c), and the blowup of this subvariety is the 
toric variety whose fan is the star subdivision of a. The star subdivision is a combinatorial 
process that introduces a new ray x with generator replaces S with 

(2.5) S;,:={rCS|a^r}u|Js:(a) 

where := {Cone(A) | A C {ua} U r(l),(T(l) ^ A}. The map between fans S* —>■ S 

determines the blowup 


( 2 . 6 ) 


if-. :=Xs 


and induces a commutative diagram between the corresponding exact sequences (2.3) for the 
varieties: 


0 -^ M 


Cl(Xi) -^ 0 


(2.7) 


/3 


7 


0 -^ M -^ C1(X2) -^ 0 

where /3 projects away from the coordinate corresponding to the exceptional divisor and 7 is 
such that 7 o degjjj^^ = degx^ °f3- 

We now restrict our attention to the class of smooth reflexive lattice polytopes in Mjr. A 
lattice polytope P is reflexive if its facet presentation is 


P = {m € Mr I {m^up) > —1 for all facets F in P}. 


If P is reflexive then the origin of Mr is the only interior lattice point of P and its dual 
polytope is also a reflexive polytope. A polytope if smooth if its dual polytope determines a 
smooth fan, and two reflexive polytopes Pi, P 2 C Mr are lattiee equivalent if Pi is the image 
of P2 under an invertible linear map of Mr induced by an isomorphism of M. Batyrev [Bat99] 
uses smooth reflexive polytopes to classify smooth toric Fano varieties: 


Theorem 2.3. [Bat99, Theorem 2.2.4] If P is an n-dimensional smooth reflexive polytope 
then Xp is an n-dimensional smooth toric Fano variety. Conversely, If X is an n-dimensional 
smooth torie Fano variety then there exists an n-dimensional smooth reflexive polytope P such 
that Xp = X. Moreover, if Pi and P 2 are two smooth reflexive polytopes then Xp^ = Apj if 
and only if Pi and P 2 are lattiee equivalent. 


We therefore refer to smooth reflexive lattice polytopes as Fano polytopes and as Batyrev 
observed, there are finitely many Fano polytopes up to lattice equivalence in each dimension 
[Bat82a]. There are five corresponding smooth toric Fano varieties in dimension 2 that were 
known classically, whilst Watanabe-Watanabe [WW82] and Batyrev [Bat82b] classified the 
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18 smooth toric Fano varieties in dimension 3. In dimension 4, Batyrev [Bat99] used prim¬ 
itive collections and relations to classify the Fano polytopes and Sato [SatOO] completed the 
classification using toric blowups, bringing the total number of 4-dimensional smooth toric 
Fano varieties to 124. Kreuzer and Nill [KN09] calculated that there are 866 5-dimensional 
Fano polytopes up to lattice equivalence, while 0bro [0bO7] presented an algorithm that has 
classified Fano polytopes in dimensions up to 9. 

Sato [SatOO] records the birational geometry between the smooth toric Fano fourfolds by 
computing toric divisorial contractions in terms of the primitive relations for each variety. 
Figure 8.3 in Appendix A is a diagram of the divisorial contractions between the smooth toric 
Fano fourfolds. There are 29 maximal toric Fano fourfolds with regard to these divisorial 
contractions, and we call these varieties birationally maximal. A diagram showing the diviso¬ 
rial contractions between the smooth toric Fano threefolds can be found in [Oda88, page 92] 
[WW82]. 

Remark 2.4. The contraction from the variety K 2 to the variety Hiq stated in [SatOO] should 
be a contraction from ATs to Hiq. 

2.2. Full Strong Exceptional Collections and Tilting Objects. For a set of objects 
S = {5j} in a triangulated category D, define {S) to be the smallest triangulated subcategory 
of T) containing <S, closed under isomorphisms, taking cones of morphisms and direct sum¬ 
mands, and to be the full triangulated subcategory of V containing objects T such that 
Hom(S', T”) = 0 for all S € S. 

Definition 2.5. For a set of objects <S = {5*} in H, 

(i) S classically generates T> if (<S) = T>, 

(ii) S generates V if {S)-^ = 0. 

Let T>^{X) be the bounded derived category of coherent sheaves on a variety X. 

Definition 2.6. 

(i) An ordered set of objects {£q, .. . ,Er) in V^{X) is a strong exceptional collection if 
Hom(ffc, £k) = C for all A: G {0,... , r} and 

• ^ f /c > 7, i = 0 , 

Horn = 0 when < 

\vA,j, 

(ii) A strong exceptional collection (To,... ,£r) in V^{X) is full if (To,... ,£r) = V^{X). 

Remark 2.7. The distinction between classical generation and generation becomes irrele¬ 
vant when using strong exceptional collections. To show that a strong exceptional collection 
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{Eq, ... ,£r) is full, it is enough to show that (£’o ,... ,£r)'^ = 0 as observed by Bridgeland-Stern 
[BSIO, Lemma C.l]. 

Given a full strong exceptional collection {£i,... ,£r) of non-isomorphic objects in D^(X), its 
sum is a tilting object: 

Definition 2 .8. An object T in 'D^{X) is a tilting object if Hom*(T, T) = 0 for i / 0 and 
(T) =V^{X). If additionally T is a sheaf or vector bundle, then it is called a tilting sheaf or 
tilting bundle respectively. 

For a tilting object T, let A = End(T) and V^{A) be the bounded derived category of finitely 
generated right A-modules. It was shown by Baer [Bae88] and Bondal [Bon90] that in the 
case when A is a smooth projective variety, if the tilting object T exists then we obtain an 
equivalence of categories 

(2.8) RHomx(r, -): V\X) V^{A). 

Note that when T = is the direct sum of a full strong exceptional collection, the 

Grothendieck group of X is isomorphic to a rank r -|- 1 lattice. 

For two smooth projective varieties Y and Z, let £ € V>^{Y) and J- G 'D^{Z'). Define 

£MT := Lpl{£) d Lp^(J') G V\Y x Z) 
where pi and p 2 are the natural projections of Y x Z onto its components. 

Lemma 2.9. [Uehl4, Lemma 5.2] Let Y and Z be as above. If £ & V^{Y) and T G T>^{Z) 

L 

are tilting objects, then £ ^ X is a tilting objeet for T>°{Y x Z). 

3. Strong Exceptional Collections on Smooth Toric Varieties 

The combinatorics of a toric variety X allow us to computationally determine whether a 
collection of line bundles on X is strong exceptional. We can then consider how these strong 
exceptional collections behave under torus-invariant divisorial contractions. 

3.1. Non-vanishing Cohomology Cones. To check that a collection of effective line bun¬ 
dles {Lq := Ox, Li,..., Lr} on a smooth toric variety X is strong exceptional, one needs to 
check that H'^{X,Lf^ G Lt) = Hom*(Ls,Lt) = 0 for i > 0, 0 < s,t < r. Eisenbud, Mustafa 
and Stillman [EMSOO] introduced a method to determine when the cohomology of a line bun¬ 
dle on X vanishes by considering if the line bundle avoids certain affine cones constructed in 
Pic(A)R. We recall the construction of these non-vanishing cohomology cones below. 



For a n-dimensional toric variety X with fan S, fix an enumeration of S(l) and for 
/ C /s, let 17 be the union of the cones in S having all edges in the complement of I. Using 
reduced cohomology with coefficients in C we have 

(3.1) Wy^m) := wm, |s|\y,) = F*-nis|\y,), 

where the last equality holds for i > 0 as |S| is contractible. 

An element of 


(3.2) Hy := {I CIy\ F|.^(|S|) / 0 for some i > 0} 

is called a forbidden set. Define 


(3.3) 


Pi € where (p/)p = 


-1 if p G / 
0 if p ^ / 


and 

(3.4) (7/ = |x = {xp) G I Xp < 0 if p G /, Xp > 0 if /9 ^ . 

Setting Li := C*/ + p/ C we see that Li C Ci and L/ = {x G | neg{^) 

where 


(3.5) 


neg: Z^l^l —)■ ly, 


X = (Xp) 1-^ 


/9 if Xp < 0, 
0 else. 


n, 


For each I G Hy, the image of L/ under the map deg is an affine cone /3 C Pic(A)R. If a rank 
one reflexive sheaf Ox^iD) lies in /3 then [EMSOO, Theorem 2.7] shows that 

(3.6) H\X, Ox{D)) / 0, for some i > 0. 

3.2. Cones Affected by Blow Ups. Assume that we have a chain of torus-invariant di- 
visorial contractions X := Xq —)■ Xi —?> • • • —?> At between smooth toric varieties and let 
C, = {Lq, Li, , Lr} be a collection of non-isomorphic line bundles on X with corresponding 
vectors {uq, ... ,Vr} in Pic(A)R. By (2.7) we have maps between the Picard lattices 

(3.7) Pic(Ao) ^ Pic(Ai) Pic(At). 


For ease of notation we set: 

• to be the composition of maps 7 ^ o o ■ ■ ■ o yt+i for 0 < i < j < t; 

• Txfc to be the set of non-isomorphic line bundles on X^ in the image of for 

1 < A: < f; 

• Cfc C Pic(Ao)R to be the preimage of all non-vanishing cohomology cones for X^ under 
the map j(o->-k) for 1 < k < t, and Cq C Pic(Ao)R to be the non-vanishing cohomology 
cones for Aq. 
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By the construction of the sets we have the following result; 

Lemma 3.1. If 

t 

Vi -Vj Cfc 

fc =0 

for all 0 < i,j < r then C is strong exceptional on X and Cx^ is strong exceptional on X^, 
for 1 < k <t. 

It will be shown in this section that the preimage of the non-vanishing cohomology cones 
for Xk under 7(o->-fe) is closely related to the non-vanishing cohomology cones for X. 

Lemma 3.2 (Forbidden sets duality). Let I ^ Is and set I^ = Is\I- If I & Ht., then 
I^ G Hs. 


Proof. It is enough to show that the line bundle corresponding to p/v has non-vanishing 
higher cohomology. Let D := X]pes(i) be the torus-invariant Weil divisor corresponding 
to p/ = (op). By assumption, II'^{X,0{D)) 0 for some D < i < n. By Serre duality and 

the fact that on a toric variety the canonical divisor is Kx = — X]pgs(i) ^p^ 

(3.8) 0 ^ H\X, 0{D))'^ ^ {X, 0{Kx - D)) = W{X, 0{ ^ bpDp)) 

PGS(l) 

where bp = —1 — Op. But 


(3.9) 


Op = 


-1 if p G / 
0 if p ^ / 


0 if p G / 
-1 if p ^ /. 


Therefore, (bp) = p/v and as {X,0{Yfp^s.{i)bpDp)) 7 ^ 0 for some 0 < j < n, we have 
I'^ G Hs. □ 


Remarks 3.3. 

(i) The cone in Pic(X)R corresponding to / = Is G Hs is the non-vanishing n*^-cohomology 
cone. Its dual /^ = 0 gives the non-vanishing 0*^-cohomology cone. The chosen line bundles 
for a strong exceptional collection need to be effective but must have no higher cohomology, 
so for our purposes {0} ^ Hs and the duality statement above does not hold for Is- 

(ii) By Lemma 3.2, Yj can be redefined as the union of the cones in S having all edges in I. 

Continuing with the notation in (2.6), extend the enumeration Is of S(l) to Is* := /U {x}, 
an enumeration of the rays of S* := S* j,. It is clear that for 

(7,:= U 

(tCtCS 
10 


(3.10) 


T 



we have 


(3.11) S\|a| = S*\||Js;(a)| 

crCr 

and so we only need to consider when determining how the cones of S change after the 
blow up of cr C S. 

Lemma 3.4. Let 0 7 ^ / C /s\C'o-(l). Then I U {x} G Hy,*- 

Proof. Firstly, assume for some I C Iy that there exists a ray t OYj such that there is no cone 
a gYj with T G a, and r fl (,■ = {0} for all cones r ? C 1/. By considering F} c |S| = M"', 
we can construct a loop around r that is not contractible in |S|\y/. Thus I G Hy- 

Now assume 0 7 ^ / C /s\C'cr(l)- By the construction of S* we have x D ? = {0} for any 
cone X 7 I ? C and there is not a cone x 7 ^ cr C that contains x, so / U {x} G Hy* 

by the observation above. □ 

By Lemma 3.2, (/U {x})^ G Hy* for 0 / / C /s\C'cr(l)- But (/U {x})^ = JU C'o-(l) for some 
J C /s\C'o-(l), so we have the corollary: 

Corollary 3.5. If I ^ /s\C'o-(l), then I U C'o-(l) G Hy* ■ 

Lemma 3.6. If I € Hy and I nC'o-(l) = 0 then I, ID {x} G Hy*. 

Proof. Let I G Hy such that I PI C'o-(l) = 0. By Lemma 3.4, I U {x} G Hy*. As / D C'o-(l) = 0, 
then Yp* = Yp and |S*| = |S|, so Hl^P\Y*\) = F^e(|S|) for all i. Thus / G Hy*. □ 

Again by duality, we have the corollary: 

Corollary 3.7. If I € Hy is sueh that C'o-(l) C /, then /, / U {x} G Hy*. 

Lemma 3.8. If I € Hy then either I G Hy* or I L) {x} G Hy*. 

Proof. We have shown that the statement holds if / PI C'o-(l) = 0 and dually if C'o-(l) C I. 
There are two other cases to consider: in both cases, let I = Ii U I 2 for Ii C /s\C'o-(l) and 
I 2 c C,(l). 

Case 1: (<t(1) p I). Any subset S C r(l) of any cone r C S forms a cone in S as S is a 

smooth fan. From this and the fact that (t(1), {x} p I we see that Yp = Yp by the 

construction of S*. Therefore I G Hy / G Hy*. 

Case 2: (it(1) C I). By duality H G Hy and H Pit(1) = 0, so H G Hy* by Case 1. Applying 
duality again we have I U {x} = G Hy*. 

□ 

Remark 3.9. It is not always the case that I G Hy /,/U {x} G Hy* (see Example 3.13). 
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Recalling the chain of linear maps (3.7), we have a simple description of the preimage in 
Pic(X)R of non-vanishing cohomology cones for the variety Xt using non-vanishing coho¬ 
mology cones for X. Let A C Pic(X)R be a non-vanishing cohomology cone for X and 
{xi,..., Xt} be the rays in the fan Sx for X that label the exceptional divisors {Ei ,..., Et} 
from the blow ups in (3.7). The list of exceptional divisors can be extended to give a basis 
{El ,..., Et, yi,..., ys} of Pic(X)R. Let Ie C label the rays {xi,..., xtj. Using the non¬ 
vanishing cohomology cone construction from [EMSOO], A is the image under deg of the cone 
Li for some I C which we can decompose as I = I^Ul^ for some C Ie, C It,x\^e- 
We write {I^T ■= Ie\Ie- 

Proposition 3.10. Let At be a non-vanishing cohomology cone for the variety Xt in (3.7) 
and At be its preimage under 7(o-ti) • Then there exists a non-vanishing cohomology cone A 
for X with forbidden set I = \J such that 

At n Pic(A:) = (^degx(L/Au/A) U degx(L(/A)«ujA)) n Pic(X) 

Let A be defined by the intersection of closed half-spaces Hi in Pic(JA)]R given by equations 
a\Ei +.. . + atEt + al_^_iyi -|-... -t-Ot+^ys < a* where Ot+s, a* G M are fixed and i is in an 

indexing set S. Then At is the intersection of the closed half spaces at+^ys < a*, 

i G 5. 

Proof. We first show the statement for the blowup ip: X^,*^ —> X^, from (2.6). Let Aq be 
a non-vanishing cone for Xe determined by the forbidden set I C Is and the cone Lj. By 
Lemma 3.8 there exists a non-vanishing cohomology cone A for Xji* ^ such that its defining 
forbidden set is either /Ux C or I C The map ft in (2.7) is just projection 

away from the coordinate corresponding to the exceptional divisor x and so the preimage of 
{Li n c under /3 is {Li U L/ux) H C As (2.7) is a commutative 

digram, the preimage of Aq n Pic(X) under 7 is (deg(L/ U L/ux)) H Pic(S* 3 ,). By repeated 
application of Lemma 3.8, we obtain the required result for a chain of blowups (3.7). As 
{El ,..., Et} can be extended to give a basis of Pic(X)R in (3.7), the second statement of the 
proposition holds. □ 

The simplicity of the preimage of non-vanishing cohomology cones under blowups can help 
explain why the following proposition holds. Recall that a smooth toric Fano fourfold X 
is called birationally maximal if there does not exist a smooth toric Fano fourfold X' with 
blowup X' ^ X. 

Proposition 3.11. Let X be a birationally maximal smooth toric Fano fourfold and r -|- 1 = 

rank{Kii{X)). There exists a strong exceptional collection of line bundles L = {Lq, ..., L^} on 
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X such that for every chain of torus-invariant divisorial contractions X —)■ Xi Xt 

from Figure 8.3, the set of line bundles Lxi on Xi is strong exceptional, for 1 < i < t. A 
database of these collections can be found in [PNb]. 

Proof. Given a maximal smooth toric Fano fourfold X and a chain of divisorial contractions 
between {Xq := X, Xi, ..., Xt}, we construct the preimage <ti in Pic(X)]R of the non-vanishing 
cohomology cones for each contraction Xi using the QuiversToricVarieties package [PN15]. 
A computer search then finds line bundles {Lq, Li, ..., Lr} on X with corresponding vectors 
{uq, ..., Vr} in Pic(A)K such that Vj — Vk avoids C* for all 0 < j, k < r and 0 < i <t. □ 

Remarks 3.12. 

(i) The collections given in Proposition 3.11 are not necessarily the same collections given by 
Theorem 7.4. In particular, not all of them have been show to be full. 

(ii) If two toric varieties Xi and X 2 have the same primitive collections, then they have the 

same forbidden sets up to a suitable ordering of the rays of T,Xi and Sx 2 • It is therefore often 
the case that given a suitable basis of Pic(Xi)]R and Pic(X 2 )K, if the line bundles corresponding 
to a list of integral points {viji^i C ^ Pic(Ai)R is strong exceptional on Xi, then the 
collection of line bundles corresponding to the same list {vi}i^i Pic(X 2 )K is strong 

exceptional on X 2 . 

Example 3.13. The 10*^ smooth toric Fano variety X := Ei has ray generators 



1 


0 


0 


0 


-1 


3 


2 


0 


1 


0 


0 


0 


-1 


-1 

no = 

0 

,ni = 

0 

, U 2 = 

1 

= 

0 

,n4 = 

0 

, U 5 = 

-1 

= 

-1 


0 


0 


0 


1 


0 


-1 


-1 


for its fan The blowup (f: Ei Bi between the 10*^ and the smooth toric Fano 
fourfolds (see Figure 8.3) has the exceptional divisor E = Dq labelled by the ray generator uq. 
Note that Y := Bi has the fan Sy with ray generators {uq, ..., U 5 }. We take the corresponding 
divisors Dq,Di,E to be a basis for Pic(A), and the linear equivalences between the divisors 
for X are Di ~ D 2 ~ D^, ~ Dq -P 3Di — E, ~ Di — E. The linear equivalences 

between the divisors for Y are D[ ~ ~ TI 3 , TI 4 ~ Uq + 3D[, ^ D[. The forbidden 

sets for X are 


Non-Vanishing i-th 
Cohomology Cones 

Forbidden Sets 

1 

{0,4}, {4,5}, {0,4,5}, {0,6}, {0,4,6} 

2 


3 

{1,2,3, 5}, {1,2,3,4, 5}, {1,2,3, 6 }, {0,1, 2,3, 6 }, {1,2, 3, 5, 6 } 

4 

{0,1, 2, 3,4, 5, 6 } 


and the forbidden sets for Y are 
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Non-Vanishing i-th Cohomology Cones 

Forbidden Sets 

1 

{0,4} 

2 


3 

11,2,3,5} 

4 

10,1,2,3,4,5} 


In this example we see that for the forbidden set I G {{0,4}, {1, 2,3, 5}} for Y, both I and 
I U {ue} are forbidden sets for X, whilst for the forbidden set I = {0,1, 2,3,4,5} for Y, only 
I U {rte} is a forbidden set for X. Let 7 : Pic(X)]R ^ Pic(y)R be the linear map defined in 
(2.7) and denote 7 “^(C') for the preimage of a cone C C Pic(y)]R under 7 . Then 

7 "^(degy(L{o, 4 })) n Pic(X) = (deg_Y(L|o, 4 }) U deg_Y(L{o, 4 , 6 })) n Pic(X) 


and 


7 ^(degy(L{i^2,3,5})) Pic(^) = (degx(i{i,2,3,5}) U degx(L{i,2,3,5,6})) n Pic(X) 

Thus for a strong exceptional collection of line bundles C on X, only 7~^(degy (L|o,i, 2 , 3 , 4 , 5 })) 
provides a restriction for the distinct line bundles in the image of 7 (T) to be strong exceptional 
on Y. The cone deg^^(L|o^i^ 2 , 3 , 4 , 5 , 6 }) is given by the system of equations 


/ 

ai + 602 + 03 < -2 

< 02 + 03 < -7 

03 < 1 


ai 

0.2 

®3. 


G Pic(X)]R 


in Pic(X), whilst 7 ^(degy(L{ 07 ^ 2 , 3 , 4 , 5 })) is given by the system of equations 


oi + 602 < —2 
02 < -7 


Ol 

02 


.^ 3 . 


G Pic(X)R 


as expected by Proposition 3.10. 


4. Generation of The Frobenius Morphism (Method 1) 

Let X be an n-dimensional smooth toric variety and C a strong exceptional collection on 
X. We present two different methods to show that C is full in this paper. The first method 
depends on the Frobenius morphism and follows Uehara’s approach [Uehl4] to generation of 

the derived category by line bundles on the smooth toric Fano threefolds. 
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4.1. The Probenius Morphism. Fix a positive integer m and define the m-th Frobenius 
map Fm : X —T' X to be the morphism that is the identity on the underlying topological space 
but which takes a section s € Ox to Thomsen [ThoOO] shows that for a line bundle L 

on X, {Fm)*{L) splits into a finite direct sum of line bundles. He provides an algorithm to 
compute these line bundles, which is detailed below. 

Let S be the fan for X and set d := |S(1)|. From (2.3), a vector w G determines the line 
bundle L = OxC^ WiDi). To compute {Fm)*{L), fix a maximal cone a = cone(/9i^, • • •, pin) F 
S and set 

(4.1) := {v G Z^ I 0 < Uj < m}. 

Define A = (ai,..., a^;)* G M{d,n) to be the matrix whose rows are the ray generators 
a* := Up. in S. As a is maximal and S is smooth, we have (t(1) = {pi^,..., pi^} and the 
corresponding matrix := (aj^,..., a^^)* G M{n,n) is invertible. Define the restriction 
w to fj as Wo- ;= {wi^,..., Wi^)^ G Z”. For v G P^, the vectors q”^(v, w,it) G Z*^ and 
r™(v,w, fj) G are uniquely determined by the equation 

(4.2) AA-\^r - w,) + w = mq”^(v, w, u) + r”^(v, w, u). 

Finally, define the Weil divisor := ^ g™(v, w, iT)Dj. 

Lemma 4.1. [ThoOO, Theorem 1] The Frobenius push-forward of L = Oxif^WiDi) is 

(4.3) (FML) = 0 OxiD^,^,,). 

vGP'^ 

Thomsen [ThoOO] also observes that {Fm)*iL) does not depend on the choice of the maximal 
cone a. We can assume the primitive ray generators of a forms the standard basis of Z”, in 
which case 


(4.4) 


^r(v,w) = L 


UpS^-^a)-Wi 


m 


where [xj G Z is the round-down x — 1 < [xj < x. Set 

(4.5) T){D)m ■= {L G Pic(X) j L is a direct summand of {Fm)*iOxiD))}. 


Thomsen [ThoOO, Proposition 1] shows that the set 
(4.6) D(D) := U ^{DU 

m>0 

is finite. For brevity, we denote Dm '■= ®(0)m, the set of line bundles in {Fm)*{Ox)- Note 
that we can use Dm to find strong exceptional collections of line bundles on X: 

15 



Lemma 4.2. [Uehl4, Lemma 3.8(i)] For any fixed positive integer m, the set of line bundles 
{L G Dm I is nef} C Dm is a strong exceptional collection on X. 

4.2. Method 1. We can use the Frobenius morphism to find sets of line bundles that generate 
V\X). 

Lemma 4.3. [Uehl4, Lemma 5.1] Let f'-X Y be a proper morphism between smooth 
varieties. Assume that £ generates 'D^{X) and Oy is a direct summand of Then 

Rf^£ generates V^iY). 

Proposition 4.4. Let X be a smooth toric Fano variety of dimension n and C be a strong 
exceptional collection of line bundles on X. If the set of line bundles 

(4,7) sr--= U 

0<i<n 

is contained in {£) for some positive integer m, then C generates V^{X). 

Proof. As X is Fano, the anticanonical bundle is ample and so a result by Van den 
Bergh [VdB04, Lemma 3.2.2] implies that is a generator for 'D^(A). The Frobenius 

morphism Fm is proper so Uo<i<n generates V^{X) by Lemma 4.3. □ 

To show that Dff^ C (£) for some m > 0, we use exact sequences of line bundles to generate 
objects in {£); for examples of these calculations on the toric Fano threefolds see [Uehl4] or 
[BT09]. This process is easier when the line bundles in Dm^ are close together in Pic(A), 
which occurs when the value of m is large. However, the larger the value of m, the longer it 
takes to compute Dm^, so in practice m is often chosen by trial and error. 


Example 4.5. We use Method 1 to show that a given collection of line bundles generates 
when A is Ii, the 61®* smooth toric Fano fourfold. The variety X has ray generators 



1 


0 


0 


0 


0 


2 


-1 


-1 


0 


1 


0 


0 


-1 


0 


0 


0 

Uq = 

0 

,Ul = 

0 

,U2 = 

1 

,W3 = 

0 

,U4 = 

1 

= 

-1 

,W6 = 

0 

Uj = 

1 


0 


0 


0 


1 


0 


-1 


0 


0 


and the linear equivalences between the toric divisors are Dq 
Da, D 2 ~ —D 4 + II 5 — D-j, D 3 ~ D^. Set m = 10 and let v = 


rsj 

X 

y 

z 

w 


— 2ZI5 + Dq + Df, Di ~ 
G Pm- The anticanonical 


divisor —Kx is equal to Di, so in order to calculate *) we set w = 


G Z®. 


16 



By (4.4), the solution to 


r 1 u-i)+i 1 1 

L m J 


0 

1 ( 2 /-l)+l 1 

L m -1 


0 

1 1 

L m -J 


0 

1 («)-i)+i 1 

L m J 


0 

1 (-J/+ 2 ) + l 1 

L m J 


1 -y+z+l 1 

L m -1 

1 { 2 x—z—w)-}-l 1 


1 2 x—z—w+l 1 

L m -J 

1 (-a;+l)+l 1 

L m -1 

1 (-x+z)+l 1 
- L m J - 


|-a;+ 2 j 

L m J 

1 -ai+ 2 :+l 1 

_ L m -1 _ 


for V G is an element of and similarly we can calculate by determining 

q™'(v,iw), for 0 < i < 4. It follows that = 18, = 18 and = 46. For 

each line bundle L in the collection 


L 


Ox{—iDi — jDb — kDe), Ox{—Dq — Dj), Oxi—D^ — Dq 
Ox{-D5 -Dq- Dj), Ox{-Di -D^-Dq- Dr) 


Dr 


i,j,k = 0,1} C Dr 


L~^ is nef, so £ is a strong exceptional collection by Lemma 4.2. A list of rays {pi^, ■ ■ ■ ,Pi-} 
forms a cone in S if and only if Di^ H ... fl Di. 7 ^ 0 , so we can use the primitive collections of 
X to determine which divisors do not intersect. For example, the primitive collection {^ 0 ,^ 7 } 
for X implies that Dq n Dr = 0 and so we obtain the exact sequence 


0 —^ Ox{—Dq — Dr) —> Ox{—Dq) © Ox{—Dr) Ox —> 0 . 

Using the basis {Dr^, D^, Dq, Dr} for Pic(A), rewrite the exact sequence as 

(4.8) 0 —> Ox( 21)5 — Dq — 2Dr) —)■ Ox{2.Dr, — Dq — Dr) © Ox{—Dr) —> Ox —^ 0. 

We can use the exact sequences determined by the primitive collections to show that Dm"" C 
(£). For example, the tensor of Ox{—‘2Dr> + Dr) G Dm^\C with (4.8) gives the exact sequence 

(4.9) 0 —> Ox{—Dq — Dr) Ox{—Dq) © Ox(— 2 O 5 ) Ox(— 2 O 5 + Dr) —> 0. 

All of the line bundles in (4.9) except Ox(— 2 O 5 + O 7 ) are in (£), hence so is Ox(— 205 + 07 ). 
By the same method and using the exact sequences of line bundles determined by the primitive 
collections for X, every line bundle in Dgen is contained in (£) and so C is full by Proposition 

4.4. 


5. Quiver Moduli and the Structure Sheaf of the Diagonal 

Let A be a smooth toric variety and £ = {Lq, ..., L^} be a collection of line bundles on 
X. In this section we use the quiver of sections to encode the endomorphism algebra A = 
End(0[^Q£i). We also introduce the map di between certain vector bundles on A x A 
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and give conditions as to when the cokernel of di is the structure sheaf Oa of the diagonal 
embedding into X x X. 


5.1. Quivers of Sections and Moduli Spaces of Quiver Representations. A quiver Q 
consists of a vertex set Qq, an arrow set Qi and maps h,t: Qi —> Qo giving the vertices at the 
head and tail of each arrow. We assume that Q is connected, acyclic and rooted at a unique 
source. A non-trivial path in Q is a sequence of arrows p = ai.. .a^ such that h(aj) = t(aj+i) 
for 1 < i < /c — 1, in which case t{p) := t(ai), h(p) := h(afc) and supp(p) = {ai,... ,ak}- 
Each vertex i € Qq gives a trivial path e* with h(ei) = t(ei) = i. By taking the paths as 
a generating set and dehning multiplication to be concatenation of paths when possible and 
zero otherwise, we obtain the path algebra CQ. If J is a two-sided ideal of relations in CQ 
then we obtain the quotient algebra CQ/J, and we will use the notation {Q, J) when we are 
considering the quiver with relations. 

A representation VE of a quiver Q assigns a C-vector space Wi to each vertex i G Qo and a 
C-linear map Wa '■ Ikt(a) —lEh(a) to each arrow a G Qi. We will assume that the dimension of 
every vector space Wi is equal to 1 and so the dimension veetor is v := (1 ,..., 1 )* G A 
morphism (f) between two representations W and E is a collection of C-linear maps 4>i: Wi —>■ Vi 
such that for any arrow a G Qi, the following square commutes: 


(5.1) 


Wi 


t(a) 


-G Wi 


h{a) 


A(a) 

Et 


'i>h(a) 


t(a) 


Ev 


h{a) 


For the quiver with relations (Q,J), we can consider representations of Q that respect the 
relations in J. More precisely, a representation of {Q, J) is a representation W of Q such that 
for any two paths pi = 0102 ■ ■ - at, P 2 = & 1&2 ■ ■ - bg in Q with pi — P 2 G J, we have 


Wat ° ° Wa2 ° Wai = Wf,^ O ■ ■ ■ O Wb^ O Wbi ■ 

Define Wt((5) := {6 G \ 0(v) = 0} to be the weight spaee for Q. Each 0 G Wt(Q) 

determines a stability parameter, where a representation IE is 0-(semi)stable if for every non¬ 
zero proper subrepresentation IE' C IE we have 6*(1E') := ^ ^ parameter 

6 is generie if every 0-semistable representation is 0-stable. In particular, the special parameter 
d := (—r, 1,1,... , 1) is generic, where r = |Qo| — 1. A generic stability parameter 0 can then 
be used to construct the fine moduli spaee of 9-stable representations Mg{Q), as introduced 
by King [Kin94]. The space Aig(Q) is a projective variety as Q is acyclic [Kin94, Proposition 
4.3] and Hille [Hil98, Section 1.3] has shown that A4g(Q) is a smooth toric variety due to our 
choice of dimension vector v. To construct A4g(Q) explicitly, let the characteristic functions 
Xi • Qo ^ for i G Qo and Xa-Qi^'^foraG Qi form bases for Z'^o and Z'^i respectively. 
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The incidence map inc: —)■ defined by inc(y;a) = Xh(a) “ Xt{a) determines the exact 

sequence 


(5-2) 0 -^ M -^ Z^i wt(g) -^ 0. 

For a fixed generic stability parameter 6 G Wt(g), let C[ya \ a G Qije = C[N‘5i n inc“^(6*)] 
denote the 0-graded piece. Then M.q{<Q) is the GIT quotient 

(5.3) Me{Q) = C'^V/eT = Proj j 0C [y, | a G 

\i>o 

where the action of T := Homz(Wt(g), C*) is induced from the action of (C*)‘5° = HieQc GlL(IFi) 
on determined by the incidence map. By choosing a group isomorphism between T and 
{{gi,---,gk) £ (0*)*^° I yo = 1} we obtain a T-equivariant vector bundle 0jgQp Oc'Si 

which descends to the universal family 0jggp on Aig(Q) [Kin94, Proposition 5.3]. 
The summands F) are called the tautological line bundles on Aig(Q) and Fq is the trivial line 
bundle, where 0 G Qo labels the source of Q, as T acts trivially on the summand given by 
f = 0 in 0jgQQ C>cOi- The dimension of Me{Q) is IQi] - IQol + 1 and Pic(A4(9(g)) = Wt(g) 
[Hil98, Theorem 2.3]. 

If we are considering a quiver with ideal of relations J, we denote the fine moduli space of 
0-stable representations of Q that respect the relations in J by A4e{Q, J). By sending a path 
p = ai... Ofc to the monomial yai • • • ya^ G C [ya j a G Qi] and extending linearly, we obtain a 
C-linear map from CQ to C [ya j a G Qi]. We let Ij be the ideal in C [ya j a G Qi] generated 
by the image of J under this map, in which case }Ag{Q, J) is given by the GIT quotient 

(5.4) Me{Q, J) = Y{Ij)//eT = Proj (C [yJ a G Qi] . 

Let C = {Lq, ..., Lj.} he a collection of non-isomorphic effective line bundles on a projective 
toric variety X with Lq := Ox- As X is projective, if Hom(Lj,Lj) ^ 0 then Hom(Lj,Lj) = 0 
and so we can assume L is ordered such that i < j when Hom(Lj, Lj) ^ 0. The endomorphism 
algebra End(0j Li) can be conveniently described by its quiver of sections Q, whose vertices 
Qo = {0 ,..., r} are the line bundles in L and the number of arrows from vertex i to f for 
i < j is given by the dimension of the cokernel of the map 

(5.5) 0 Hom(Lj, Lfc) 0 Hom(Lfc, Lj) —Hom(Lj, Lj). 

i<k<j 

A torus-invariant section s G Hom(Lj, Lj) is irreducible if it lies in this cokernel. Each section 
in a basis of the irreducible sections determines a divisor of zeroes, and these divisors label 
the arrows between vertex i and j; we therefore denote div(a) for the divisor that labels the 
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arrow a € Qi, and div(p) := X]agsupp(p)^ path p. The corresponding labelling 
monomial is := naesupp(p) ^ C[xp | p G 5](1)]. Note that the quiver is acyclic 

and as the collection is effective, the quiver is connected and rooted at 0. The arrow labels 
determine the two-sided ideal of relations J, generated by the set 

(5.6) {pi -pj I pi,pj paths in Q, t{pi) = t{pj),h{pi) = h.{pj), div(pi) = div(pj)}. 

Lemma 5.1. [CS08, Proposition 3.3] Let Q be the quiver of sections for the collection C 
above, with ideal of relations J. Then CQ/J = End(0jLi). 

Each line bundle Lj is equal to Ox{D[) for some Cartier divisor D[ and we can construct Q 
explicitly by computing the vertices of the polyhedron conv(N'^ n deg~^(Zl' — D'-)) for each 
"i- j ^ Qo- The vertices correspond to the torus-invariant generators of Hom(Lj,Lj), from 
which we pick the irreducible sections. 


Example 5.2. Let X be the smooth toric Fano fourfold Ei in Example 3.13 and fix m S> 0. 
Choose {D 4 , D^, Dq} to be the basis of Pic(X); the exact sequence (2.3) for X is 


0 


> M 


r 1 0 0 0 1 
0100 
0010 
0001 
-1000 
3 -1 -1 -1 
2 -1 -1 -1 




r 1 0 0 0 1 0 01 
-3111010 

.-2111001. 


> Pic(X) 


Every line bundle Lj in the collection 


> 0 . 


L = {Ox{iDr:, + iD^), Ox{L)4 + iD^ + iD^), Ox{L)4+ j+ {j + 1)D^) | 0 < i < 3, 0 < j < 2} 

is nef and L~^ G ^m, so £ is a strong exceptional collection by Lemma 4.2. The quiver of 
sections Q for this collection is given in Fig. 1. 



Figure 1. A quiver of sections on the smooth toric Fano fourfold Ei 
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5.2. Quiver Moduli and the Structure Sheaf of the Diagonal. Let t: A ^ X x X he 

the diagonal embedding and for two line bundles Li and L 2 on X define 

L 1 KL 2 :=pI{L^)®p*2{L2) 

where pi and p 2 are the projections from X x X onto the first and second component respec¬ 
tively. We define the map di of vector bundles on X x X as follows. Let di have domain and 
codomain: 

(5-7) di: 0 Lt(„) K ^ 0 L, K L-\ 

(i^Qi i^Qo 

The summands of the vector bundles are line bundles and so are given by twists of the 
Pic(X X X)-graded module SxxX- We write SxxX = C[xi,... ,X(i,wi,... ,W(i] where d = 
|Sx(l)| to distinguish sections Xi on the first copy of X in X x X from sections Wi on the 
second copy. For line bundles Li and Lj on X, denote Sxxx{Li, Lj) to be the free SxxX- 
module generated by corresponding to the line bundle LiMLj on X x X by (2.4). Then 

our map di sends 

5'v:xv:(it(a),7.j^(a)) ^ Sxxx{Li^(a)-,L~^(a)) ® 


Gj j-1 !-)■ X 


div(a) 


^h(a)?-^h(a) 




-'t(a)5 t(a) 


The following proposition provides a condition as to when the cokernel of di is Ox- Note 
that our choice of 9 in the proposition will depend on our collection as explained in the 
following subsection. 


Proposition 5.3. Suppose that there exists a generic stability parameter 9 and a closed 
immersion (p: X ^ }Ae{Q,J) such that Lj = for 0 < i < r. Then the cokernel of di 

in (5.7) is Ox- 

Proof. Assume that 9 and (j) satisfy the conditions in the proposition. For the opposite 
quiver with relations the stability parameter —9 is generic and A4g{Q,J) = 

J°P). In addition, we have a closed immersion of X into , J°p) such 

that the tautological line bundles on Xi-g{Q°P, J°^) restrict to the line bundles L~^ on X. A 
0-stable representation W = (ILj, V'i) of (Q, J) determines a (—0)-stable representation W* = 
of {Q°P,J°P) and so for a point (xi,X 2 ) G X x X Me{Q,J) x M-e{Q°P, J°p), 
xi parametrises a isomorphism class of a 0-stable representation V := (Vj,(/>j), whilst X 2 
parametrises the isomorphism class of a (—0)-stable representation W*. Therefore, the map 
di of vector bundles on X x X from (5.7) restricted to a point (xi,X 2 ) G X x X is given by 

D: 0 Ft(a) ® ^ 0 ® Wf. 

aGQi ieQo 
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The map D is dual to the map: 

(5.8) D* : 0 Homc(Fi, Wi) 0 Homc(Ft(a), W^h(a)) 

given by (/?*) (/3h(a)^a—'il’a/3t(a))■ The kernel ker(L)*) of this map is precisely the morphisms 

from V to W. As V and W are 0-stable, we have 0(V} = 6{W) = 0. If / is a morphism 
in ker(Z)*) then the image im(/) of / is a quotient of V, hence 0(im(/)) < 0. However, 
im(/) also injects into W implying that 0(im(/)) > 0, so 0(im(/)) = 0. Therefore, / is either 
an isomorphism or the zero morphism. It follows that when W = V, the kernel of D* is 
canonically a copy of C. Using this observation, we see that away from the diagonal of X x A 
the cokernel of di is rank zero as the representations V and W are not isomorphic, whilst 
at each point on the diagonal the cokernel restricts to a canonical copy of C. Therefore the 
cokernel of di is Oa- 

□ 

5.3. Nef And Non-Nef Collections. Our choice of the generic stability parameter used 
in Proposition 5.3 will depend on whether our chosen line bundles are nef or not. Firstly, 
assume that T is a collection of nef line bundles on X and recall the special stability parameter 
"i? = (—r, 1,1,... , 1). Craw and Smith [CS08] associate to Q a projective toric variety \C\ = 
Xi^iQ) called the multigraded linear series of C. They define the morphism (/>£: X —)■ \C\ 
which factors into 

(5.9) X ^ M^{Q,J)^\C\ 

and [CS08, Corollary 4.10] present criteria as to when (pc is a closed embedding. For a line 
bundle L on Xs, there is a natural bijection between deg~^(L) flN^T) and the generators of 
F(Xs,T). Define Pl to be the polytope in that is the convex hull of the lattice points 

deg-^T) nN^W. 

Proposition 5.4. Let C he a collection of nef line bundles. If L := is very ample 

and the Minkowski sum of the polytopes {Pci \ Li £ C} is equal to Pl, then the morphism 
(/>£: X —> |T| is a closed embedding. In this case, we can recover the line bundles in L as the 
restriction of the tautological bundle on |T| to X. 

Proof. This is immediate from [CS08, Corollary 4,10,Theorem 4.15]. □ 

Note that as the varieties that we are considering are smooth and toric, then any ample line 
bundle is very ample. 

If the collection C contains a line bundle that is not nef then we cannot using the multi¬ 
graded linear series construction to show that Xs C Xi^{Q,J). In the examples of toric 

Fano varieties where this is the case, we show that X is a closed subvariety of A4e((5, J) for 
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a generic stability parameter 9 different to -d, such that the tautological bundle on A4g{Q, J) 
restricts to ©jgQp Li on X. To achieve this, we recall the construction of the toric variety 
Ye C Mg(Q,J) from [CS08], (see also [CMT07] and [CQV12]). 

Define the map 

TT := (inc, div): Wt((3) 0 

with image Z{Q) := 7r(Z‘3i) subsemigroup N((5) := 7r(N‘5i). The projections tti : Z{Q) 
Wt((5) and 7 r 2 : Z{Q) —)■ Z^(^) fit in to the commutative diagram 


Wt(Q) 

pic 

ZS(i) ^ Pic(X) 

deg 

where pic(xi) := Li, i G Qo is a group homomorphism. Let C[N(Q)] and C[N‘^i] be the 
semigroup algebra defined by N((5) and respectively. The surjective map of semigroup 
algebras tt* : C[N'^i] — > C[N((5)] induced by tt has kernel that defines an affine toric sub- 
variety V(/q) C We obtain a T-action on V(/q) via restriction of the T-action on 
For a generic weight 6 G Wt((5), we have the categorical quotient 



Ye := Y{lQ)//eT = Proj 


|^0C[N(Q)],-,j 


where C[N(( 5)]0 is the 0-graded piece. The variety Yg is toric and is a closed subvariety of 

MeiQ,J). 

Proposition 5.5. Fix a generic 6 G Wt((5) such that L := pic(0) is an ample line bundle on 
X. If 

(5.10) deg“^(L) n C 7 r 2 ( 7 rj“^( 0 ) D N((5)) 

then X is a closed subvariety ofYg. Furthermore, if 9 and d are in the same open GIT- 
chamber for the T-action on Y{Iq), then the tautological bundles on A 4 e(Q) restricts to the 
line bundles Li on X. 
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Proof. The morphism { 112 )* is equivariant under the action of T and Homz(Pic(X),C^) on 
V(/q) and respectively as the diagram of lattice maps 


(5.11) 


z(g) wt(g) 



pic 


ZS(i) -^ Pic(X) 

deg 


commutes, hence we obtain a rational map from X to Yg. As L is ample, we have X = 
Proj I p G Sx(l)]jL^ and so A is a closed subvariety of Yg when the homomor¬ 

phism of graded rings 


('^2)*: ^ I P ^ Zx(l)]jL 

i>o i>o 

induced from 112 is surjective. The bundle L is very ample as X is smooth and toric, so 
0j>o I P S ^x(l)]jL is generated in the first graded piece and thus it is enough to check 
surjectivity on this piece, which follows from (5.10). 

Now assume that 0 and t) are in the same open GIT-chamber for the T-action on V(/q). 
Then Yg = Yg, so A is a closed subvariety of Yg and by the arguments in the proof of [CS08, 
Theorem 4.15], the tautological bundles on A4g{Q) restrict to the line bundles Lj on A. As 
the chosen weight 9' varies, the restriction of the tautological line bundles will change if and 
only if the ^'-stable representations parametrised by points of V(/q) change; as 6 and i} are 
in the same open GIT-chamber this is not the case, so the tautological bundles on M.g{Q) 
restrict to the line bundles Lj on A. □ 


6. Generation of V^{X)-. Resolution of Oa (Method 2) 

Section 5 introduced a map of vector bundles di and gave methods to determine if the cokernel 
of di is Oa- This section uses di to determine if C generates V^{X). 

6.1. Resolution of Oa* Let A be a smooth projective toric variety and C = {Lq, ... ,L,,} 

be a collection of line bundles on A. For £ G T>^(A x A), denote ‘h^(— ) := R(pi)*(f’ ® 
P 2 {—))- T>^(A) ^ T>^(A) to be the Fourier-Mukai transform with kernel £. 

Proposition 6.1. If there exists an exact sequence of sheaves on X x X of the form: 

0 ^£k^ - > £i ^ £0 ^ Oa ^ 0 
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where 


£o=^LiM L-\ 

i€Qo 

^ 1=0 ^Ka) ^ L~^a) 

aeQi 


and 

£t = K1 Lj for 2 <t < k and some fixed ri^t, sj^t G ^> 0 ) 

L/i ,Lj ^jC 

then C classically generates V^{X). 


Proof. Assume that we have a resolution of Oa as given in the proposition. It follows from 
the projection formula that is naturally isomorphic to the identity functor on T>^{X). 
Therefore for any object T € V^{X), the object = T” is classically generated by 

, <h^'=(J')}. As R(pi)* op%{—) — Rr(—) (g) Ox [Huy06, page 86 ] we have that 

$^‘(7-)^ 0 Rr(A,7-(8)Lp’‘)(8)L[^’* 

Li ^Lj 

is an object in for all 0 < t < k. As G {C) for all 0 < t < k, C 

classically generates D^(X). □ 

In order to find a resolution of the diagonal sheaf as in Proposition 6.1, we first recall the 
approach taken by King [Kin97]. For the locally free sheaf T = on X such that 

Hom]^(T, T) = 0 for i 7 ^ 0, define A := End(T) and := Homo^^ (T, Ox)- Note that 

vrt(r) = 7ri*(0L,)= 07ri*(L,) 

Li^L LiGL 

and 

vr^r^) = vr2*(0 Lri) = 0 

LiGL Li^L 

By Lemma 5.1, A is isomorphic to CQ/J for some quiver with relations {Q, J). The following 
gives the final part of a minimal projective A, A-bimodule resolution of A [Kin97]. 

Lemma 6.2. Let A = CQfJ and {cj | i G Qo} be the indecomposable orthogonal idempo- 
tents. The following complex of A, A-bimodules gives the final part of the minimal projective 
resolution of A. 

(6-1) © Aet(a) ® [a] fg eh(a)A —^ © Aci (g [f] (g CiA 

i^Qo 

, [a] and [i] are formal symbols. The map in the sequence is determined by 

et(a) [a] <g e/j(a) i-;- a (g [/i(a)] (g e^ia) - et{a) ® [^(a)] a 
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and the map onto A is Ci 0 [i] (S' e* !->■ e*. 

L 

Given a projective A, yl-bimodule resolution F* of A, define T to be the object 


( 6 . 2 ) pI{T)(}^aP'®apI{T'^) 

in T)^{X X X). Using Lemma 6.2, the hnal map in this chain complex is the map di from 
(5.7). 

L 

Lemma 6.3. [Kin97, Theorem 1.2] If the cokernel of the map di in the chain complex T 
is Oa, then T is a classical generator ofV^{X). 

Although the final part of the minimal projective A, A-bimodule resolution is given by 

L 

Lemma 6.2, the full resolution is not known in general and so one cannot compute T Klyi T^. 
What we do instead is guess what the resolution of A is and then consider the sheafihed 
version of the resolution as a chain complex S* 

(6.3) 0 ^ ^- > S2^ Si^So 

of Pic(X X X)-graded S'xxX-niodules, where Sq is the SxxX module corresponding to 

i^Qo 

and Si is the SxxX module corresponding to 

0 ^t(a) ^-C'h{a)- 

If S* is exact up to saturation by the irrelevant ideal BxxX then it determines an exact 
sequence of sheaves on X x A by (2.4). 

We guess the construction of S* by using the concept of the toric cell complex introduced by 
Craw-Quintero-Velez [CQV12]. This is a combinatorial geometric structure that encodes the 
minimal projective bimodule resolution for certain classes of algebras; in particular, Calabi- 
Yau algebras in dimension 3 obtained from consistent dimer models. Given a collection 
£ = {Eq, ... ,Er} of rank one reflexive sheaves on a Gorenstein affine toric variety Y, the 
associated toric algebra is End(0[^Q Ei). Graw-Quintero-Velez state the following conjecture 
for consistent toric algebras: 

Conjecture 6.4. [GQV12, Gonjecture 6.4] Assume that the toric algebra associated to £ is 
consistent. If the global dimension of the algebra equals the dimension ofY, then the toric cell 
complex exists and is constructed as in [GQV12], from which the minimal projective bimodule 
resolution of the toric algebra can be recovered. 
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Although the endomorphism algebra of a tilting bundle T on a toric Fano variety X is not 
Calabi-Yau, the pullback 7t*{T) on the total space tot(ti;x) of the canonical bundle is, so we 
guess the resolution of this bundle on tot(ti;x) and then restrict it to A. 

In what follows, we define a combinatorial method to guess the resolution of the diagonal 
sheaf by C based on the construction in [CQV12]. Although the calculations are lengthy and 
tedious, many of the steps can be achieved using a computer algorithm, the results of which 
are contained in [PN15]. 

6.2. The Toric Cell Complex. For a smooth n-dimensional Fano toric variety X, set Y := 
tot(ti;x) to be the total space of the canonical bundle on X. A collection of line bundles L 
on X defines a collection of line bundles Ly on Y by pulling back along tot(ti;x) —> X. The 
Picard lattice Pic(y) is isomorphic to the quotient of Pic(A) by the subgroup generated by 
wx- Let Q' be the quiver of sections associated to Ly and B = End(0^g£^ L). The quiver 
Q' is cyclic and naturally embeds into Pic(y)]R. As T is a toric variety, it has a fan Yl and 
we have the exact sequence 

0 -^ M' -^ Pic(y) -^ 0. 

Definition 6.5. Let Q' be the quiver above. Define Q'q to be the set deg C 

and for every arrow a € Qi horn i to j and each vertex u € deg~^(z), define the arrow a in 
the set Q\ to be the arrow from u to u + div(a) G deg“^(j). The covering quiver Q' is the 
quiver in Z^^^) with vertex set Q'q and arrow set Q\. 

The projection /: restricts to /l^sgi) : —>■ and so we have 

the diagram 

0 -^ M' -^ iP'P Pic(y) -^ 0 

/Igsqi) 

0 -^ M' -^ ^ ^ 0 

where := is a real (n + l)-torus. 

If T is a full strong exceptional collection, Craw-Quintero-Velez [CQV12, Conjecture 6.4] 
conjecture that the image of the arrows a € Q' in under the map / decomposes 

into a toric cell complex, comprising of k-cells for 0 < k < n+1. The minimal B, i?-bimodule 
projective resolution of B that is expected to be encoded by the toric cell complex has maps 
determined by differentiating /c-cells with respect to (A: —I)-cells, for 1 < A: < n+1. To any cell 
T] in the toric cell complex, there is a well-defined divisor div(? 7 ) and monomial G Sy 

associated to it. We attempt to construct the exact sequence (6.3) by considering what the 
image in Syxy is of the maps determined by cell differentiation. 
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An anticanonical cycle in Q' is a path p such that = npes'(i) ^p- Define W to be the 

sum of all anticanonical cycles in Q'. For two paths p and q in Q\ the partial left derivative 
of p with respect to q is 

r if p = rq, 

0 otherwise 

which can be extended by C-linearity to determine partial derivatives in CQ'. Let 

dqW is the sum of precisely two paths 
that share neither initial or final arrow 

and 

J := {{p^,p~) I p^ G CQ', 3q £V such that dqW = p~^ + p~}- 
Assume now that the dimension of X is 4. We dehne the following sets: 

r':=Q', T[:=Q[, 

For 

• {P^ 7 P~) G F 2 , define Dp+p- := {p a path in Q I P is a summand in dp+W or dp-W}, 

• a G F'^, dehne Da '■= {p a path in Q | p is a summand in daW}, 

• i G Fq, dehne Di := {p a path in Q | p is a summand in 
Then let 

F^ := {Dp+p- I (p+,p-) G F'}, F' := (D, I a G F'}, F' := (A | i G F'}• 

Remark 6.6. A set of paths P G F{ is expected to be the 1-skeleton contained in a k-cell 
in the toric cell complex for Q', if the toric cell complex exists. The construction of Fg, F^ 
and Fg follow from the conjecture on duality between k-cells and (n — A:)-cells in [CQV12, 
Conjecture 6.5]. For brevity we will therefore refer to P as a k-cell. 

Let P G F{ for 1 < /c < 5 and p G P be a path. We dehne the head, tail and label 

of P as h(P) := h(p) G Fq, t(P) := t(p) G Fq and div(P) := div(p), and note that the 

dehnitions do not depend on our choice of p. For P' G F{_^,P G F{, 0 < i < k < 5 
we write P' C P if for every path p ^ P', there is a path q & P such that p C q. If 
P' G K-vP G F{, and P' C P, then a path q £ P containing a path p £ P' dehnes a 
monomial dpq = i G C[xo,..., = Sy given by the label of the subpath p' C p from 

t(P) to t(P'), and a monomial ~^pq = rcdivfp") g Cftco,... ,Wd] = Sy given by the label of 
the subpath p" C p from h(P') to h(P). Let TZp\p be the set of equivalence classes 

{[{p,q)] I {p,q) G P' X P, p C g} 




{p,q) ~ {p',q') ^ dpq 
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where 



and note that 


dpQ — dp/Q dpQ — dp'Q . 

For P' G r'^_^ and P € F^, define 

dpiP-.= ^ {dpQ,—~^pq) e Sy X Sy = SyxY 

[{p,q)]&np,p 

if P' C P and 0 otherwise. The definition of dp/P does not depend on the choice of represen¬ 
tatives for the equivalence classes in Ppi^p. We now have the maps 

d'k ■= (P'er'i^P ■ ^ 0 < A: < 5, 

I i 

ep i-> ^ {dpiP)epi. 

Remark 6.7. The derivatives dpfP are defined differently to how they are defined in [CQV12] 
as a cell P' may ‘appear’ more than once in P (see Example 6.10). Consequently, the property 
[CQV12, (4.3)] does not hold and we do not immediately obtain an incidence function e (see 
[CQV12, (4.4)]) that determines signs in the differentiations of cells. 

The construction above can be restricted to the Fano X as follows. For any cone a C Sx C 
A%, define 

a' := Cone((0,1), (up, 1) j Up G o-(l)) C IVr x M. 

The fan S' C x M that has cones given by a' for all a C Sx is the fan for Y [CLSll, 
Proposition 7.3.1]. The toric divisors for X are in one-to-one correspondence with the divisors 
for Y minus the divisor determined by the ray with ray generator (0,1), which we label ptot- 
Define the subsets F^ := {P G F), j for all p G P, \ C F),, 0 < /c < 5. Then the 

maps d'^ restrict to 

(6.4) 4 := (9p'P) ,1 ^ {Sxxxf^-^\ 0 < < 4, 

I P&Tk ] 

ep ^ {dp/P)ep/. 

The (5xxx)-modules (5xxx)^'"°^ and (5'xxx)^'"^^ are graded as follows: for f G Fq and a G Fi, 
let S3s:xX (5'xxx)'’"°' be given by Sxxx{Li,L~^) and PxxX (5'xxx)'’"^' be given by 
Sxxx{L^(^a),L~lia))- (5'xxx)'’"°' and (Sxxx)'’"^' correspond to the bundles 0jgQg 4 Kl 

L~^ and -^t(a) ^ ^h{a) respectively, so the map di in (6.4) is the map given in (5.7). 

Similarly for 2 < A: < 4, the modules (5'xxx)^'"'’^ are graded so that they correspond to 
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©Li Lj&c ^ some fixed rt^k, Sj^k G ^>o- We attempt to add signs to entries in 

the maps for 2 < /c < 4 so that we get a Pic(X xX)-graded chain complex of 5xxX-modules 

(6.5) 0 ^ A (5xxx)l^®l A (5xxx)l^^l A (5xxx)l^il A (5xxx)l^“l 

It then needs to be checked that the chain complex is exact up to saturation by the irrelevant 
ideal BxxX in order to show that the chain complex determines an exact sequence of sheaves 
on X X X. 

Remark 6.8. A similar construction can be obtained for a smooth toric Fano threefold X. In 
this case, tot(wx) is of dimension 4, and so the 4-cells in F^ are given as the dual cells to the 
0-cells in Fg, the 3-cells in Fg are computed from the 1-cells in F'^ and the set of 2-cells is 
self-dual (see Remark 6.6). 

Using the method above and for the database of full strong exceptional collections of line 
bundles in [PN15], the exact sequence of sheaves S* from (6.3) has been computed for all 
smooth toric Fano threefolds and 88 of the 124 smooth toric Fano fourfolds. These exact 
sequences are contained in a database in [PN15], and the fact that they can be computed 
leads to the following conjecture: 

Conjecture 6.9. Let X be a smooth toric Fano threefold or one of the 88 smooth toric 
Fano fourfolds such that the given full strong exceptional collection L in the database [PN15] 
has a corresponding exact sequence of sheaves S* G T>^(X x X). Let B denote the rolled 
up helix algebra of A. Then the toric cell complex of B exists and is supported on a real 
five-dimensional torus. Moreover, 

• the eellular resolution exists in the sense of [CQV12], thereby produeing the minimal 
projective bimodule resolution of B; 

L 

• the object S* is quasi-isomorphic to T G T)°{X x X), for T := ©^g^ L. 

6.3. Method 2. Given a strong exceptional collection C of line bundles on X with associated 
quiver Q, we can thus proceed as follows to show that C generates V^{X): 

Step 1: Using the method described in Section 6.2, construct the chain complex of Pic(X x X)- 
graded 5xxX-modules (6.3) such that St determines the sheaf £f, where 

£t = Kl L- for 2 < t < 4 and some fixed sj^t G ^>o- 

Check that this chain complex is exact up to saturation by BxxX- 
Step 2: If T is a collection of nef line bundles then 

— check that the line bundle L = Li is ample; 

— show that the Minkowski sum of the polytopes {PLi \ Li £ C} is equal to Pl. 
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Figure 2. A quiver of sections on tot(a;x) 


Then Propositions 5.4 and 5.3 imply that the exact sequence of sheaves computed in 
Step i is a resolution of Oa, so (C) = V^[X) by Proposition 6.1. 

If C contains non-nef line bundles then 

— choose a weight 9 € Wt((5) such that pic(0) is ample and construct Yq; 

— check that 6 is generic. By the first step of the proof of [BCQ13, Lemma 4.2], it 
is enough to show that the representations corresponding to each torus-invariant 
point of Yg are 0-stable. Confirm that 0 and i? are in the same open GIT-chamber 
for Yq] 

— show deg“^(L) C 1^2 (7r]"^(0) nN((5)) . 

Then Propositions 5.5 and 5.3 imply that the exact sequence of sheaves computed in 
Step i is a resolution of Oa, so {C) = V^{X) by Proposition 6.1. 

An example of this construction for a collection of nef line bundles on the birationally maximal 
smooth toric Fano fourfold Ei is given in Example 6.10, whilst a collection that contains non- 
nef line bundles on Ji is shown to be full using this method in Example 6.11. 

Example 6.10. Using the variety X and the collection of line bundles C in Example 5.2, let 
Y = tot(cjA) and Ly be the corresponding collection of line bundles on Y. The quiver of 
sections Q' for Cy with and without arrow labels is given in Eigure 2, where vertices with the 
same labels are identified. 

The set J is 


f (0107, 0206), (oiOs, 0300), (oiOg, 0405), (oiOiQ, 05020), (040O1,032045), ] 
(04101,04404), (042O1,04403), (043O1,04402), (0203, O3O7), (0209,0407), 

(036O42,033044), (035043,037044), (037042, 033043) 
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As IQqI = IIjIQ'^I = 46 and \ J\ = 83, we have IFqI = iFgl = ll,|r'^| = = 46 and 

1 ^ 2 ! = l^sl = ^3. Note that P' = 017 € F'^ appears twice in P = ( 011017025 , 012017024 ) € F 2 
(see Remark 6.7). In this case, dp/P = —{xiW 2 + X 2 W 1 ). 

The monomial for the the extra divisor in Y is = X 7 , so the sets F^ are composed 
of sets of paths that do not contain the any of the arrows in { 040 , 041 ,..., 040 }. Via this 
restriction, we obtain the chain complex of Pic(X x A)-graded (5xxx)-oiodules 

( 6 . 6 ) 0 {Sxxxy ^ {Sxxxf'^ ^ (Sxxx)^^ ^ (Sxxx)^^ ^ (Sxxx)^^- 


This complex is exact up to saturation by BxxX [PN15] and so is an exact sequence of sheaves 
on A X A. 

We now check that the cokernel of this sequence is Ox- For this collection, the line bundle 
L = ®Li^C Li = Oxi^Di + I 5 P 5 + 18Dq) is ample. Each column of the matrices below is a 
vertex of the convex polytope in for the corresponding line bundle in C: 


Ox{iD^ + iDo) 


ro 0 0 on 
i 0 0 0 
0 i 0 0 
0 0 i 0 
0000 
0 0 0 i 
Lo 0 0 i J 


Ox{Di + iD^ + iDq) 


rOOOl 1 lOln 
i 0 0i+2 0 0 0 0 

0 i 0 0 i+2 0 0 0 
0 0 i 0 0 i+2 0 0 

1110 0 010 
0 0 0 1 1 1 i i+3 

LOOOO 0 0ii+2J 


Ox{D4 + jD^ + (j + 1)T>6) : 


r 1 1 1 0 0 0 0 1 -| 

i+3 0 0 i 0 0 0 0 

0 j+3 0 0i0 0 0 

0 0 j+3 0 0 j 0 0 

0 0 01111 0 
0 0 0 0 0 0 J J+3 

. 0 0 0 1 1 1 j+1 i+3. 


i = 0,1,2,3, j = 0,1,2 


The vertices for the polytope corresponding to L is 


Ox(7P4 + I 5 P 5 + 18Dq) : 


r33377700007n 
24 0 0 32 0 0 15 0 0 0 0 

0 24 0 0 32 0 0 15 0 0 0 

0 0 24 0 0 32 0 0 15 0 0 

44400077770 
000444000 15 36 
L000000333 18 32j 


The Minkowski sum of the polytopes {Pl. \ Li £ C} is equal to the polytope corresponding 
to L, so (6.6) is a resolution of Ox by Propositions 5.4 and 5.3. Therefore, L is full by 
Proposition 6.1. 


Example 6.11. Let A be the birationally maximal smooth toric Fano fourfold J\. The 
primitive generators for the rays of A are 



1 


0 


-1 


0 


0 


0 


-1 


-1 


0 


1 


-1 


0 


0 


0 


0 


0 

uq = 

0 

,U1 = 

0 

,112 = 

-1 

,113 = 

1 

,114 = 

0 

,115 = 

-1 

,116 = 

0 

,117 = 

1 


0 


0 


0 


0 


1 


-1 


0 


0 
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a 

t ( a ), h ( a ) 

div ( a ) 

1 

0,1 

xr 

2 

0,2 

Xo 

3 

1,2 

xixe 

4 

1,2 

X2Xq 

5 

1,3 

xsxexr 

6 

1,4 

X0X3 

7 

2,3 

X4 

8 

2,3 

X5 

9 

2,4 

xsxr 

10 

3,4 

Xi 

11 

3,4 

X2 

12 

3,5 

X3X7 

13 

3,6 

Xo 


14 

4,5 

X4 

15 

4,5 

Xo 

16 

4,6 

xeX 7 

17 

4,7 

X3X7 

18 

4,9 

Xo 

19 

5,7 

Xi 

20 

5,7 

X2 

21 

5,8 

X0X7 

22 

5,11 

X3X7 

23 

5,12 

Xo 

24 

6,8 

X4 

25 

6,8 

Xo 

26 

6,9 

Xi 


40 

10,13 

X4 

41 

10,13 

Xo 

42 

10,14 

Xi 

43 

10,14 

X2 

44 

11,13 

Xo 

45 

12,15 

X4 

46 

12,15 

Xo 

47 

12,16 

Xi 

48 

12,16 

X2 

49 

13,15 

X 7 

50 

14,16 

X 7 








27 

6,9 

X2 

28 

6,10 

X3 

29 

7,10 

Xo 

30 

7,11 

X4 

31 

7,11 

Xo 

32 

7,16 

Xo 

33 

8,12 

Xi 

34 

8,12 

X2 

35 

8,13 

X 3 

36 

9,12 

X4 

37 

9,12 

Xo 

38 

9,14 

X 3 

39 

10,12 

X 7 


Figure 3 . The arrows in a quiver of sections for the smooth toric Fano fourfold Ji 


The collection of line bundles on X 


C= < 


C^x ((2 + i)D2 + (2 + j — i)Do + 2 Dq + (/c + 1)1)7), 

' 

Ox{{l + i)D2 + {k + i)Do + {1 + j - i)Do + {1 + j - 1)07), 

l<i<j <2 

Ox{kD 7 ), Ox{D2 + kDo + Do + Dj), 

0<k<l 

Ox (37)2 + Do + 2 Dq + 2D7) 

J 


is strong exceptional and contains the non-nef line bundle Ox{Dj). We obtain the chain 
complex of Pic(X x X)—graded (5xxx)—modules 


(6.7) 


0 


(Q \12 (Q \38 ^ to \59 ^ to \50 ^ to \ 


\38 d : 


59 c*? 


\50 <^1 


^17 


from this collection, which is exact up to saturation by BxxX [PN15]. The table in Figure 3 
lists the arrows in the quiver of sections Q corresponding to C. 

As IQol = 17 and |S(1)| = 8, we let {oj | i G Qq} U {e^ | p G S(l)} be the standard basis of 
and define the lattice points Ca '■= eh(a) — + ediv(a) for each arrow a G Qi. The 

map TT is then given by the matrix C: —>■ where the columns of C are given by 

Ca,a G Qi, and the semigroup N((5) is given by the lattice points generated by positive linear 
combinations of the Ca- Our choice of bases for Pic(X) and Wt((5) imply that the lattice 
maps deg and pic are given by the matrices: 

deg: 

Fix 9 to be the weight that assigns —6 to the vertex 0 in the quiver, 1 to the vertices 
{11,12,, 16} and 0 to every other vertex. We note that pic(0) is the ample line bundle 
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(b) A representation of the quiver corresponding to a torus- 
invariant point in Ye 

Figure 4. A quiver of sections on the smooth toric Fano fourfold Ji 


L = Ox(20D2 + 15D5 + 11Dq + 9Dy). For this choice of 0, not only does 712 (N((5) H (7ri)“^(0)) 
surject onto ndeg“^(L), but Yg is isomorphic to X. As 0i > 0 for i > 0, 0 is in the same 
closed GIT-chamber for as t?, and so they are in the same open chamber if 9 is generic. 
To check that 9 is generic, it is enough to check that for each torus-invariant point on Yq, the 
corresponding representation is 0-stable. The list below gives the 17 maximal cones in the fan 
for Yq - recall that each maximal cone corresponds to a torus-invariant point and the point 
is in the intersection of the divisors labelled by the rays of the cone. 
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{PO: Pi: Pi,: Pi) {PO:Pl:Pl,:Pb} {PO: Pi: Pi: Pb} {PO: P2: Pi, Pi) {PO: P2, Pi, Pb} 

{PO: P2: Pi: Pi] [Pl: P2: Pi: Pi] {Pl: P2, Pi: Pg] {Pl, P2, Pi, Pg] {pl. Pi, Pi, Py] 

{pi: Pi, Pi: Pr] {pi, Pi, Pg, Py] {pi. Pi, Pg, Py] {P2, Pi, Pi, Py] {P2, Pi, Pi, Py] 

{P2, Pi, Pg, Py] {P2, Pi, Pg, Py] 

For the representation {V,4>) corresponding to the torus-invariant point with rays {pii,Pi2, 
Pi3,Pi4}, the map (jia is 0 if for any Xi € {xi^^Xi^iXi^^Xi^], Xi divides div(a), whilst 0a = 
1 otherwise. For example, consider the maximal cone {po, pi, Pi, Pi]- The corresponding 
representation V = (V, 0) has 0a = 0 for 

^ I 0-2, 03, 05, 06, 07, Og, Oio, Oig, 013, 014, Ol7, Ol8, Ol9, 022, O23, O24, 026, 
o G < 

[ 028, O30, O32, 033, 035, 036 , 038, O40, 042, O45, O47 

and is displayed in Figure 4. Specifying a subrepresentation (y',(p') of V is equivalent to 
setting 0'^ = 0a for all a € Qi and choosing a subset I C Qo so that 10' = C for i G I, 
and V- = 0 otherwise. In our example, for any subrepresentation V with 10' = C, we have 
V' = V as there is a non-zero map from 10' to every other 10'. It is also clear from Figure 4 
that for any i G Qo, there is a non zero map from 10 to 10- for some j G {11,12,... , 16}. As 
a result, the corresponding nonzero proper subrepresentation V' of V must have 10' = C and 
so 0{V') > 0 by the choice of 9. By considering the subrepresentations of the representation 
corresponding to each of the 17 torus-invariant points on Yg, we see that 6 is generic - the 
calculations for this example can be found in the file [PNa]. Therefore, (6.7) is a resolution 
of Oa by Propositions 5.5 and 5.3, so the collection L on J\ is full by Proposition 6.1. 

7. Full Strong Exceptional Collections on Toric Varieties 

In this section we present the main theorems of this paper. 

For a divisorial contraction (/, 0): (X, Yx) —> (Y, Sy) the Frobenius morphism can be used 
to give examples of when the pushforward of a line bundle L via / and the image of L under 
the map 7 from (2.7) are equal. Note that for a toric variety X, the canonical bundle is 
o’x = - J2peT,x{i) ^P- 

Lemma 7.1. Fix an integer m > 0 and let (/, 0): (X, Sx) —>■ (V, Sy) be a torus-equivariant 
extremal birational contraction between smooth n-dimensional projeetive torie varieties. Let 
a C Yx be a maximal cone such that (picr) is a cone in Yy, and w = 0 or (—1,..., —1)' G 
Then for any v G PJf, 

hOx{Dl^,a) = OT(Z?J^,^(a)) 


^{OyU = {ULx I Lx G D(Ox)m}, 

35 


(7.1) 
and 

(7.2) 



(7.3) D(a;y)m = {f*Lx \ Lx G ^{ujx)m}- 

In particular, the maps /* and 7 coincide for Ox{L>^^^). 

Proof. The result [Uehl4, Lemma 6.1] gives the case w = 0. Noting that f*{uJx) — ojy 
[CLSll, Theorem 9.3.12], the proof can also be applied to w = (—1,..., —1)*. The algorithm 
to compute Fm{L) demonstrates the equality between /* and 7 for the line bundles considered. 

□ 

Proposition 7.2. With the same assumptions as in Lemma 7.1, choose a collection of line 
bundles C C 'Sm UlD(wx)m. If L generates V^{X) then the non-isomorphic line bundles in 
the image of generate V^{Y). 

Proof. Note that M/*(!lx = Oy and M.f^ux = wy [CLSll, Theorem 9.3.12], so by the equality 
Lm ° f = f ° have = F^Oy and = F^ujy. The result then 

follows by Lemmas 4.3 and 7.1. □ 

Remark 7.3. A collection of line bundles T on X is full strong exceptional if and only if the 
dual collection := {L~^ \ L £ C} is full strong exceptional. In the following theorem 
when we choose L C Tim U T{ujx)m and use method 2 to show that L is full, we actually 
compute the 5xxX-aiodule chain complex using , as Cr^ will be an effective collection 
whilst L will not be effective. 

Theorem 7.4. Let X be a smooth toric Fano fourfold. There exists a full strong exceptional 
collection comprising of line bundles for X. A database of these collections can be found in 
[PN15]. 

Proof. Firstly, if X is the product of smooth toric Fano varieties of a lower dimension, then 
it has a full strong exceptional collection of line bundles by Lemma 2.9 and [Kin97, Uehl4]. 
These varieties, along with account for 29 of the 124 fourfolds. Now consider the 26 
birationally-maximal smooth toric Fano fourfolds that are not products. Given a collection 
of line bundles on each of these varieties, we can check if it is strong exceptional by using 
the method outlined in Section 3.1, which has been implemented in the computer package 
QuiversToricVarieties in Macaulay2 [PN15, GS]. Once we have a strong exceptional collec¬ 
tion, we can use method 1 or method 2 to show that it is full; preference has been given to 
using method 2, but when the chain complex of SxxX-modules cannot be computed we use 
method 1. 

The collections of line bundles on the following maximal varieties are shown to be full using 
method 2: 

Ey Is, Is, /l 5 , Ms, Ji, J2, Ky K2, Ry R3, U2, Uy Us, V\ 
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For all of these varieties except Ji (see Example 6.11) and (see Example 9.2), the collections 
chosen are collections of nef line bnndles. The collections on the rest of the maximal fourfolds 
are shown to be full using method 1. The collections for all of the 26 maximal fourfolds 
are chosen from UT>(ti;x)m for some m > 0, except for iii, R^-, and V^. Note 
however that for i? 3 , the given collection determines a new full strong exceptional collection 
chosen from T)m U D{ujx)m, as shown in Example 7.6. 

Eor a full strong exceptional collection Cx chosen from 2i)mUTi(cJx)m on a maximal fourfold 
and a chain of divisorial contractions X —Xi —?> • • • —)■ Xt, Proposition 7.2 implies that 
the distinct line bundles Cxt in the image of 7 (T) generates V^{Xt), where 7 : Pic(X) —>■ 
Pic(Xt). Therefore, it is enough to show that Cxt is strong exceptional to obtain a full strong 
exceptional collection on Xt. To check that Cxt is strong exceptional, we can check that L 
avoids the pullback of the non-vanishing cohomology cones for Xt via 7 as detailed in Section 
3.2 - again, this calculation has been implemented into QuiversToricVarieties. By performing 
these calculations, we obtain full strong exceptional collections of line bundles for 64 of the 
Fano fourfolds. 

The remaining fourfolds Dq, Hiq, Mi, M 2 and M 3 are non-maximal and do not obtain a 
full strong exceptional collection from a maximal fourfold. There is a divisorial contraction 
Hiq Dq and we can choose a strong exceptional collection Chiq C Tim U T{ujHio)m such 
that we get a strong exceptional collection Cdq on Dq via the map 7 . We use method 2 to 
show that Chio hence we also obtain a full strong exceptional collection on Dq. 

For varieties Mi and M 3 we use method 2 to show generation; the collection on Mi contains 
non-nef line bundles (see Example 9.1) whilst all of the line bundles chosen on M 3 are nef. 
For variety M 2 , our chosen strong exceptional collection is shown to be full using method 1. 

The calculations in Macaulay2 and Sage [S+IS] that are required for this proof can be 
found in the hie [PNa]. □ 

Remark 7.5. The construction above provides a new proof that there exist full strong ex¬ 
ceptional collections on n-dimensional toric Fano smooth varieties for n < 3. In particular, 
resolutions of Ox using S'xxX~modules have been constructed for each birationally maximal 
Fano threefold X. 


Example 7.6. The 106*^ smooth toric Fano fourfold X := has ray generators 
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for its fan T,x- We take the corresponding divisors D 2 , D 5 , Dq, D^, Dg to be a basis for Pic(X). 
The collection of nef line bundles on X 

Ox{iD 2 + jD^ + Dq + Dt + Dg), Ox{{j — 1)-D5 + (* ~ ^)D 7 + {i — i)Ds), 

Ox{{i — 1)-D2 + 2£)5 + jDr + jDg), Ox{D 2 + -D 5 + i-D? + J-Dg), 

Ox{D2 + 2-D5 + (* ~ 1)T'6 + D7 + jDs), Ojf (21)2 + iDr, + jD^ + 2Dg), 

Ox{ 2 D 2 + {j — i + 1)£*5 + (1 ~ J + i)DQ + D 7 + jDg) 

is strong exceptional and is shown to be full using method 2, but ^ Dm U D{ijJx)m- 
However, following Bridgeland and Stern [BSIO], we can use L to define a helix H/; for X\ 

Definition 7.7. A sequence of coherent sheaves H = on A is a helix if 

• for each f G Z the thread (-Ei+i,..., -Ej+fc) is a full exceptional collection, 

• for each f G Z, we have Ei_k = Ei® ojx- 

If {Eq, ... ,Ek-i} is a full exceptional collection then by [BSIO, Remark 3.2] each thread of 
H is a full exceptional collection. Therefore, as C is full then the sequence B[£ constructed 
from L is indeed a helix. We can choose a thread in and twist it by the line bundle 
Ox{—D^ — Dy — Dg) to obtain the following full strong exceptional collection: 

^x{jD^ + iDy + iDg), Ox{D 2 + IDy + jDg), 

Ox{D 2 + jD^ -\- Dq + iDs), Ox{D 2 + E 5 + iDy + jDg), 

Ox{ 2D2 + iDr, + jDr + Dg), Ox{2D2 + iDg + Dq+ jDg), 

Ox { 2 D 2 + (z + h)Dr, + JDq + {i — j + 1)E8) 

Now is a non-nef collection that is contained in Dm U D{ux)m for some m > 0 , which 

we can use to obtain a full strong exceptional collection on the divisorial contraction M 4 via 
the method outlined in the proof of Theorem 7.4. 

The full strong exceptional collections on each smooth toric Fano variety X determine 
tilting bundles on the total space of ux ■ 

Theorem 7.8. LetY = tot{wx) he the total space of the canonical bundle on an n-dimensional 
smooth toric Fano variety X, for n < 4. Then Y has a tilting bundle that decomposes as a 
direct sum of line bundles. 

Proof. Let tt :Y —> A be the bundle map and {Lq, ..., Lr} be a full strong exceptional collec¬ 
tion of line bundles on A. The pullback 7t*{E) of the bundle E := generates V^{Y) 

(see the proof for [BSIO, Theorem 3.6]) so it enough to show that Hom*( 7 r*(E), 7 r*(E)) = 0 
for i > 0. By adjunction and the projection formula this is equivalent to showing that 

(7.4) 0 Hom^(Li, Lj 0 ti^{Oy)) = 0 H^{X, ® Lj 0 Tr^iOv)) = 0 for A: ^ 0. 

i¥=j i¥=j 



0 < i < j < 1 



1 < i < j < 2 
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Now 


t^*{Oy) — 

p>0 

and as uj'^ is ample, there is some positive integer T such that for all t >T, L~^ (g) Lj ® 
is nef for all 0 < i, j < r, in which case H^{X, L~^ (g) Lj (g) u^x^) = 0 for k > 0 hy Demazure 
vanishing. Hence is a tilting bundle if 

(7.5) H^{X, L~^ (g) Lj (g) ojx^) = 0 for A: 7 ^ 0, 0 < i ^ j < r, 0 <t <T. 

The non-vanishing cohomology cones in Pic(X) can then be used to show that the line bundle 
L ~^has vanishing higher cohomology for 0 < i j < r, 0 < t < T, as implemented 
in QuiversToricVarieties. 

Now let X =: Xq —>■ Xi ■ X^ be a chain of divisorial contractions between smooth toric 
Fano varieties and assume that the collection L determines a full strong exceptional collection 
on each 0 < k < d via the divisorial contractions, as detailed in Theorem 7.4. For each 
variety Xfc with collection Cx^, we have an integer Tfc > 0 such that L~ (g) Lj (g) 
for all Li,Lj G Exj^- Define T = max(To,..., T^). Then we can check simultaneously that 
each Txfc determines a tilting bundle on tot(ti;Xi,) by considering whether the line bundles 
L~^ (g) Lj (g) oj^ avoid the preimage in Pic(X) of all non-vanishing cohomology cones for 
Xi,...,X£; via the Picard lattice maps, for all 0 < f 7 ^ j < r, 0 < t < T. Again, this 
calculation can be performed in QuiversToricVarieties. □ 

Remark 7.9. Using the full strong exceptional collections of line bundles Cx on a smooth 
toric Fano variety X given by King [Kin97], Uehara [Uehl4] and Theorem 7.4, we find that 

(1) the minimal T such that L~^ (g) Lj (g)w^^ in nef for all smooth toric Fano surfaces and 
all Li, Lj G Cx is T = 1; 

(2) the minimal T such that L~^ (g) Lj (g) in nef for all smooth toric Fano threefolds 
and all Lj, Lj G Cx is T = 2; 

(3) the minimal T such that L~^ (g) Lj (g) in nef for all smooth toric Fano fourfolds 
and all Lj, Lj G Cx is T = 3. 

8. Appendix A 

The tables below contain details on the construction of the full strong exceptional collections 
of line bundles C on smooth n-dimensional toric Fano varieties, for 2 < n < 4. If X = P” 
then the full strong exceptional collection is provided by Beilinson [Bei78], whilst if X is a 
product of smooth toric Fano varieties then a full strong exceptional collection is given for X 
by Lemma 2.9. 

A maximal variety is a variety that is birationally maximal, as explained in Section 2.1. 
The sets dm and d{ujx)m are the Frobenius pushforwards of Ox and uix respectively as 
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defined in Section 4.1, for some integer m > 0. Method 1 and method 2 are described in 
Section 4.2 and Section 6.3 respectively, and are used where stated to show that the collection 
C is full. The description “collection from (j)” for an n-dimensional variety X means that 
there is a chain of torus-invariant divisorial contractions Xq —)■ Xi —)■•••—)■ Xq := X between 
smooth n-dimensional toric Fano varieties, where Xq is the n-dimensional variety. The 
full strong exceptional collection on X is then given by the non-isomorphic line bundles in the 
image of the full strong exceptional collection for Xq under the induced Picard lattice map 
7(o^t): Pic(^o) Pic(^t) (see Section 3.2 and Theorem 7.4 for details). 

8.1. Toric del Pezzo Surfaces. 



Variety 

Details of the Full Strong Exceptional Collection 

(0) 

]p2 

Beilinson’s collection 

(1) 

pi ^ pi 

product of smooth toric Fano varieties 

(2) 

5i, 

collection from (4) 

(3) 

S2, BhiF^) 

collection from (4) 

(4) 

Ss, Bh{F^) 

Maximal variety. C, = T>m. Generation: Method 2 


8.2. Smooth Toric Fano Threefolds. 



Variety 

Details of the Full Strong Exceptional Collection 

(0) 

p3 

Beilinson’s collection 

(1) 


collection from (10) 

(2) 

B 2 

collection from (17) 

(3) 

Bs 

collection from (17) 

(4) 

B 4 , X pi 

product of smooth toric Eano varieties 

(5) 

Cl 

collection from (17) 

(6) 

C 2 

collection from (17) 

(7) 


product of smooth toric Eano varieties 

(8) 


product of smooth toric Eano varieties 

(9) 

C 5 

collection from (17) 

(10) 

Vi 

Maximal variety. C C T)m- Generation: Method 2 

(11) 

V 2 

collection from (17) 
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(12) 


collection from (17) 

(13) 

^2 

collection from (17) 

(14) 


product of smooth toric Fano varieties 

(15) 

^^4 

collection from (17) 

(16) 


Maximal, product of smooth toric Fano varieties 

(17) 


Maximal variety. C = Generation; Method 2 


8.3. Smooth Toric Fano Fourfolds. 



Variety 

Details of the Full Strong Exceptional Collection 

(0) 

]p4 

Beilinson’s collection 

(1) 

Bi 

collection from (10) 

(2) 

B 2 

collection from (65) 

(3) 

Bs 

collection from (114) 

(4) 

B 4 , X 

product of smooth toric Fano varieties 

(5) 

B 5 

collection from (114) 

(6) 

Cl 

collection from (100) 

(7) 

C 2 

collection from (114) 

(8) 

C 3 

collection from (80) 

(9) 


product of smooth toric Fano varieties 

(10) 

El 

Maximal variety. C C T)m- Generation; Method 2 

(11) 

E 2 

collection from (65) 

(12) 

E 3 

collection from (109) 

(13) 

Di 

collection from (100) 

(14) 

D 2 

collection from (100) 

(15) 

D 3 

collection from (101) 

(16) 

D 4 

collection from (65) 

(17) 

D 5 , pi X Bi 

product of smooth toric Fano varieties 

(18) 

Be 

collection from (109) 

(19) 

Dj 

collection from (115) 

(20) 

Ds 

collection from (109) 

(21) 

Dg 

collection from (107) 
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X^2 


X pi X p2 



L 2 


L 3 


u 


L5, P X Cl 


Lg, pi X C2 


C 7 , Si X 5i 


Lg, pi X pi X pi X pi 


collection from 


collection from 


product of smooth toric 


product of smooth toric 


product of smooth toric 


product of smooth toric 


collection from 


collection from 


collection from 


collection from 


collection from 


collection from 


collection from 


collection from 


collection from 


collection from 


collection from 


collection from 


collection from 


collection from 


collection from 


collection from 


collection from 


product of smooth toric 


collection from 


Non-maximal. L C Dm U D(ujx)m- 


collection from 


collection from 


collection from 


collection from 


product of smooth toric 


product of smooth toric 


product of smooth toric 


product of smooth toric 


product of smooth toric 


(114) 


(114) 


Fano varieties 


Fano varieties 


Fano varieties 


Fano varieties 


(47) 


(114) 


( 100 ) 


(114) 


(81) 


(75) 


(82) 


(80) 


(82) 


(114) 


( 100 ) 


( 101 ) 


( 100 ) 


(109) 


(109) 


( 101 ) 


( 100 ) 


Fano varieties 


(109) 


Generation: Method 2 


(108) 


(108) 


(109) 


(109) 


Fano varieties 


Fano varieties 


Fano varieties 


Fano varieties 


Fano varieties 
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(57) 

Lio 

collection from (114) 

(58) 

Lii, X C 5 

product of smooth toric Fano varieties 

(59) 

- 1^12 

collection from (114) 

(60) 

7>13 

collection from (115) 

(61) 

h 

Maximal variety. C C Generation: Method 1 

(62) 

h 

Maximal variety. C C Generation: Method 1 

(63) 

h 

Maximal variety. C C 'h)m- Generation: Method 1 

(64) 

h 

Maximal variety. C C 'h)m- Generation: Method 1 

(65) 

h 

Maximal variety. C C 'h)m- Generation: Method 2 

(66) 

h 

collection from (114) 

(67) 

It, pi X Vi 

Maximal, product of smooth toric Fano varieties 

(68) 

h 

Maximal variety. C C Hm Generation: Method 2 

(69) 

h 

collection from (115) 

(70) 

ho 

collection from (110) 

(71) 

hi 

collection from (107) 

(72) 

7i2 

collection from (114) 

(73) 

/l3, pi X V2 

product of smooth toric Fano varieties 

(74) 

hi 

collection from (109) 

(75) 

hb 

Maximal variety. C C Generation: Method 2 

(76) 

Ml 

Non-maximal. £ ^ U ®(<^x)m- Generation: Method 2 

(77) 

M2 

Non-maximal. £ ^ U ®(<^x)m- Generation: Method 1 

(78) 

Ms 

Non-maximal. £ C U ®(<4^x)m- Generation: Method 2 

(79) 

M4 

collection from (106) 

(80) 

Ms 

Maximal variety. C C Dm ^ D{u}x)m- Generation: Method 2 

(81) 

Ji 

Maximal variety. C C Dm ^ D{ijJx)m- Generation: Method 2 

(82) 

J2 

Maximal variety. C C Dm ^ D{ijJx)m- Generation: Method 2 

(83) 

Qi 

collection from (108) 

(84) 

Q2 

collection from (109) 

(85) 

Qs 

collection from (108) 

(86) 

Qi 

collection from (110) 

(87) 

Qb 

collection from (109) 

(88) 

Qq, pi X Si 

product of smooth toric Fano varieties 

(89) 

Qt 

collection from (114) 

(90) 

X 

00 

0 

product of smooth toric Fano varieties 

(91) 

Q9 

collection from (110) 
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(92) 

Qio, Si X S2 

product of smooth toric Fano varieties 

(93) 

Qu, pi X pi X 52 

product of smooth toric Fano varieties 

(94) 

Qi2 

collection from (114) 

(95) 

Qi3 

collection from (108) 

(96) 

Qi4 

collection from (109) 

(97) 

Qi5, X £4 

product of smooth toric Fano varieties 

(98) 

Qi6 

collection from (115) 

(99) 

Qi7 

collection from (114) 

(100) 

Ki 

Maximal variety. C C ^m- Generation: Method 2 

(101) 

K 2 

Maximal variety. C C Sm- Generation: Method 2 

(102) 

Ks 

collection from (109) 

(103) 

K 4 , P2 X 53 

product of smooth toric Fano varieties 

(104) 

Ri 

Maximal variety. C ^ 'T>m U!l)(cjx)m- Generation: Method 2 

(105) 

R 2 

Maximal variety. C ^ Dm ^ D{ujx)m- Generation: Method 1 

(106) 

Rs 

Maximal variety. See Remark (7.6). Generation: Method 2 

(107) 


Maximal variety. C C Dm- Generation: Method 1 

(108) 

Ui 

Maximal variety. C = Dm- Generation: Method 1 

(109) 

U2 

Maximal variety. C = Dm- Generation: Method 2 

(110) 

U3 

Maximal variety. C = Dm- Generation: Method 1 

(111) 

t/ 4 , X 53 

product of smooth toric Fano varieties 

(112) 

t/ 5 , pi X ppi X 53 

product of smooth toric Fano varieties 

(113) 

C/g, IP^ X 72 

Maximal, product of smooth toric Fano varieties 

(114) 

U7 

Maximal variety. C = Dm- Generation: Method 2 

(115) 

Us 

Maximal variety. C = Dm- Generation: Method 2 

(116) 


Maximal variety. L ^ Dm ^D{ujx)m- Generation: Method 2 

(117) 


Maximal variety. L ^ Dm ^D{ujx)m- Generation: Method 2 

(118) 

S2 X 52 

product of smooth toric Fano varieties 

(119) 

S2XS3 

product of smooth toric Fano varieties 

( 120 ) 

53x53 

Maximal, product of smooth toric Fano varieties 

( 121 ) 

Zi 

collection from (123) 

( 122 ) 

Z2 

Maximal variety. C C Dm ^D{u)x)m- Generation: Method 1 

(123) 

w 

Maximal variety. C <Z Dm^D{uJx)m- Generation: Method 1 




































































































Figure 5. The torus-invariant divisorial contractions between the smooth 
toric Fano fourfolds 




9. Appendix B 


The two examples below prove that the non-nef collections of line bundles on the smooth toric 
Fano fourfolds Mi and are full strong exceptional, using method 2. 

Example 9.1. Let X = Mi be the 76*^ smooth toric Fano fourfold. The primitive generators 
for the rays of X are 


The collection of line bundles on X 

Ox{kD2 + iDq + jDj), Ox{jD2 + Da + iD^ + Di), 

L = < Ox{{k — D)D 2 + (j — 1 )L >4 + (1 + i — J^Dq), 

^x{{k + 1 ) 7^4 + (fe + l)Tlg + (/c + l)Dj) 

is strong exceptional and contains the non-nef line bundles {Ox{—D2 + Dq), Ox{—D2 + D4), 
Ox{-D2 + D4 + Dq), Ox{Dj), Ox{Dq + Dj), Ox{D 4 + Dj), Ox{D2)}. We obtain the chain 
complex of Pic(A x X)—graded (5xxx:)—modules 

0 ^ (Sxxx)^^ ^ (Sxxx)^^ ^ ^ (Sxxx)^^ ^ (5xxx)'" 

from this collection, which is exact up to saturation by Bx [PN15, GS]. The table in Figure 
6 lists the arrows in the quiver of sections Q corresponding to C. 

As IQol = 17 and |S(1)| = 8, we let {oj | i G Qq} U {e^ | p G S(l)} be the standard basis of 
^17+8 define the lattice points Ca '■= 0 ^( 0 ) — for each arrow a G Qi. The 

map TT is then given by the matrix C: where the columns of C are given by 

Ca,a G Qi, and the semigroup N((5) is given by the lattice points generated by positive linear 
combinations of the Ca- Our choice of bases for Pic(A) and Wt((5) imply that the lattice 
maps deg and pic are given by the matrices: 

0 - 1 - 101001-100011010 
00 100010101101112 
01 000100110110112 
00 010001011011112 

Fix 6 to be the weight that assigns —2 to the vertex 0 in the quiver, 1 to the vertices 15 

and 16 and 0 to every other vertex. We note that pic(0) is the ample line bundle L = 

Ox{D 2 + ‘iD 4 + ?>DQ + 2>D^). For this choice of 9, not only does 712 (N((5) fl (7ri)“^(0)) surject 

onto n deg“^(L), but Yq is isomorphic to X. As 0^ > 0 for i > 0, 0 is in the same 

closed GIT-chamber for Yq as d, and so they are in the same open chamber if 0 is generic. 

To check that 9 is generic, it is enough to check that for each torus-invariant point on Yq, 

the corresponding representation is 0-stable. There are 17 maximal cones in the fan for Yq - 

recall that each maximal cone corresponds to a torus-invariant point. 
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111 - 10-100 

00011000 

00000110 

10000001 


0 < 7 < i < 1 
0 < A: < 1 






Figure 6 . The arrows in a quiver of sections for the smooth toric Fano fourfold Mi 

For each quiver that describes a torus-invariant representation in we need to specify a 
path from the vertex 0 to vertices 15 and 16, and a path from every other vertex to the vertex 
15 or 16. Examples of these paths are given in Figure 7 and are computed in [PNa]. As a 
result, every torus-invariant 0-semistable representation of Q is 0-stable, so 0 is generic and 
the collection T on X is full by Propositions 5.5, 5.3 and 6.1. 

Example 9.2. Let X = be the 117*^ smooth toric Eano fourfold. The primitive generators 
are 



The strong exceptional collection of line bundles L is given by the columns of the matrix pic 
below, where we choose the divisors {Hi, Us, H 4 , He, Hs} as a basis of Pic(X). This collection 
contains the non-nef line bundle Ox{Ds)- We obtain the chain complex of Pic(XxX)—graded 
(5'x X X)“ modules 

0 ^ (Sxxx)^^ ^ (SxxxY^ ^ (5'xxx)^^^ ^ (5'xxx)®'^ ^ (Sxxx)"^^ 
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Torus-Invariant 

Point 

(0-5> 15 , via 

(0-5- 16 , via {ii,...,ijJ) 

(vertex i, i —>■ 15 or i —>■ 16 , 
via vertices {ii,..., i^g}) 

{POj Pl , P 3 , Pb } 

(03018034048, { 3 , 7 , 12 }), 
(03O19041O55, { 3 , 9 , 14 }) 

( 1 , O10O25O40O48, { 5 , 9 , 12 }), ( 2 ,014O29O43O50, { 6 , 10 , 13 }), 
( 4 , 023O34O48, { 7 , 12 }), (8, 037O45O52, { 11 , 14 }) 

{poj Pi , P 3 , Pe} 

(01010025040048059, 

{ 1 , 5 , 9 , 12 , 15 }) 

( 2 ,014O28O37045O52, { 6 , 8 , 11 , 14 }), ( 3 ,018O32O40O48, { 7 , 9 , 
12 }), ( 4 ,021O25O40O48, { 5 , 9 , 12 }), ( 10 ,043049052, { 13 , 14 }) 

{POj Pi , Pi , Pb } 

( 0 ,02O14O29O43O50O60, 
{ 2 , 6 , 10 , 13 , 15 }) 

( 1 ,010O24O37O45O52, { 5 , 8 , 11 , 14 }), ( 3 ,018O33O43O50, { 7 , 10 , 
13 }), ( 4 ,022O29O43O50, { 6 , 10 , 13 }), ( 9 ,040047052, { 12 , 14 }) 

{ po . Pi , Pi , Pq } 

( 0 ,01O10O24O37O45O52O58, 

{ 1 , 5 , 8 , 11 , 14 , 15 }) 

( 2 ,014029043049052, { 6 , 10 , 13 , 14 }), ( 3 ,018O32O40O47O52, 
{ 7 , 9 , 12 , 14 }), ( 4 ,021024037045052), { 5 , 8 , 11 , 14 }) 

{ po , P 2 , P 3 , Pb } 

( 0 ,03017034048, { 3 , 7 , 12 }), 
( 0 ,03019041055, { 3 , 9 , 14 }) 

( 1 ,09025039048, { 5 , 9 , 12 }), ( 2 ,013O29O42O50, { 6 , 10 , 13 }), 

( 4 ,023034048, { 7 , 12 }), (8,036O45O51, { 11 , 14 }) 




{ P 2 , Pi , P 6 , P 7 } 

( 0 ,01O9O24036O46O56, 

{ 1 , 5 , 8 , 11 , 15 }) 

( 2 ,013O28O36O46, {6,8, 11 }), ( 3 ,017032039047051, { 7 , 9 , 12 , 
14 })) ( 4 ) 021024036046 , { 5 , 8, 11 }), ( 10 , O42O49O51, { 13 , 14 }) 


Figure 7. Paths in the quiver associated to each torus-invariant representa¬ 
tion in Yq = Ml 


from this collection, which is exact up to saturation by Bx [PN15, GS]. The lattice maps deg 
and pic are given by the matrices: 
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Fix 6 to be the weight that assigns —9 to vertex 0, 1 to vertices {14, 15,... ,22} and 0 to 

all other vertices. We note that pic(0) is the ample line bundle L = (Px(16Ili -|- I 6 II 3 -|- 

I 6 D 4 + 16Zle + 8 Ds). For this choice of 6 , not only does tt 2 (N((5) fl ( 7 ri)“^( 0 )) surject onto 

pjS(i) fl cleg“^(L), but Y 0 is isomorphic to X. As 9i > 0 for i > 0 , 0 is in the same closed 

GIT-chamber for Yg as t? and so they are in the same open chamber if 9 is generic. For each 
quiver that describes a torus-invariant representation in Yq, we need to specify paths from 
the vertex 0 to the vertices {14, 15,..., 22}, and a path from every other vertex to one of 
the vertices in {14, 15,... ,22} to show that 9 is generic. These paths, as well as the other 
necessary computations for this example are found in [PNa]. As a result, every torus-invariant 
0-semistable representation of Q is 0-stable, so 0 is generic and the collection T on A is full 
by Propositions 5.5, 5.3 and 6.1. 
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